e

[R30W035

Stellingen behorende bij het proefschrift

LOCAL POWER SPECTRA
AND

SEISMIC INTERPRETATION

van

Philippe Steeghs

Delft, 25 september 1997



. De structurele geologische sequentie in drie-dimensionale seismische

data wordt zichtbaar in de verandering van de twee-dimensionale
laterale gradient met de diepte.
Hoofdstuk 6 in dit proefschrift.

. De in dit proefschrift ontwikkelde techniek voor lokale spectraal-

analyse kan met vrucht gebruikt worden om de veranderingen in
4-D (‘time-lapse’) seismische data te analyseren.

. Het resultaat van de minimum-entropie methode van Loughlin et

al. (1994) voor het berekenen van een niet-negatieve tijd-frequentie
representatie met correcte marginals is sterk afhankelijk van de be-
ginschatting. Deze methode kan daarom niet beschouwd worden als
de oplossing voor het fundamentele probleem hoe een fysisch cor-
recte tijd-frequentie representatie te verkrijgen.

Loughlin, P., Pitton, J., Atlas, L., 1994, Construction of Positive Time-
Frequency Distributions, JEEE Trans. on Signal Processing, vol. 42(10).

. De schaaleigenschappen van seismische data kunnen worden geana-

lyseerd met behulp van de in dit proefschrift voorgestelde technieken
voor de analyse van de frequentie-eigenschappen. Deze schaalanaly- .
se kan worden uitgevoerd door de in Hoofdstuk 2 van dit proefschift
ingevoerde frequentie operator, volgens de theorie van Cohen (1996),
te vervangen door een dilatatie operator.

Cohen, L., 1996, A General Approach for Obtaining Joint Representations
in Signal Analysis - Part I: Characteristic Function Operator Method, IEEE
Trans. on Signal Processing, vol. 44(5).

. De seismische attributen analyse met behulp van complex-trace

parameters is geintroduceerd door Taner en Sheriff in 1977. Als zij
in hun publicatie niet het gebruik van kleur voor de weergave van
deze signaalparameters hadden gepropageerd, dan was het al veel
eerder duidelijk geworden dat er aan de signaal-ruis verhouding
van de complex-trace attributen nog veel te verbeteren is.

Taner, T.H. and Sheriff, R.E., 1977, Applications of Amplitude, Frequency and
Other Attributes to Stratigraphic and Hydrocarbon Determination, in: AAPG
Memoir; 26, Seismic Stratigraphy - applications to hydrocarbon ezploration,
Payton, C.E. ed., American Association of Petroleum Geologists, Tulsa,
Oklahoma.




. De verbetering van de kwaliteit van seismische reflectie data heeft er

toe geleid dat de huidige technieken voor het voorwaarts modelleren
van golfpropagatie niet meer voldoen als een realistische nabootsing
van het seismische experiment in complexe geologische media.

. Het verdient de aanbeveling om de seismische interpretator niet

alleen de informatie te tonen die is overgebleven na dataprocessing,
maar ook wat er is verdwenen.

. De grote hoeveelheid beschikbare drie-dimensionale seismische data,

afkomstig uit de olieindustrie, wordt onvoldoende benut voor fun-
damenteel geologisch onderzoek.

. Ook een poldermodel heeft regelmatig bemaling nodig.
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‘A thousand-li-long road starts with the first step’, as
the proverb goes. Pity the road home does

not depend on that same step. It exceeds ten times
a thousand li, especially counting from zeros.

Joseph Brodsky

aan mijn ouders en Marjolijn
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Chapter 1

Introduction

Seismic profiling has been by far the most successful method for imaging
the subsurface over large areas in the depth range between a few tens of
meters to several kilometers. In many cases seismic cross-sections are the
only images we have of ancient sedimentary environments on a large scale.
Few people will have doubts about the impact seismic data have had on
our understanding of the earth’s geological history. The increased use of
seismic data in the sixties and seventies resulted in a greatly improved view
on sedimentary basins. On the basis of observations in seismic cross-sections
the method of seismic sequence stratigraphy was developed. Analysis of
seismic data showed the possibility of inferring the environment of deposition
of sedimentary rocks from the reflection patterns observed in seismic data.
Seismic sequence stratigraphy is based on the recognition of cyclic patterns of
sedimentation in seismic data and the association of these patterns with the
mechanisms of basin in-fill. The proposition of seismic sequence stratigraphy
that changes of sea-level control sedimentation and that the history of these
sea-level changes can be inferred from seismic data, has been one of the major
contributions to geological theory in the last decades.

However, seismic data are usually not acquired for reasons of scientific cu-
riosity. Seismic data acquisition and the subsequent evaluation, i.e. interpre-
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tation, of these data have become the most important tools in present-day
exploration for hydro-carbons. The growing demand for hydro-carbons and
the increased difficulty finding these has been the driving force behind a
tremendous growth of the seismic industry in the last decades. Seismic tech-
nology has seen significant improvements in recent years. The first commer-
cial three-dimensional surveys were acquired in the late seventies. Since then
three-dimensional seismic surveys have become the standard exploration tool
in mature hydro-carbon provinces, such as the Gulf of Mexico and the North
Sea. Developments in acquisition and imaging technology have resulted in a
significant improvement of data quality. The improved quality of the data
has resulted in a shift from exploration oriented seismic surveys towards the
application of seismic data as an aid in the appraisal and development of oil
and gas fields. High-resolution three-dimensional seismic reflection data are
nowadays not only used to identify potential reservoirs, but may in favourable
circumstances also reveal the internal structure of the reservoir.

1.1 Statement of the problem and the method employed

Three-dimensional seismic technology resulted in a radical change in seismic
data handling and interpretation. For two-dimensional seismic data inter-
pretation, paper sections and a set of colour pencils are usually sufficient,
whereas the densely sampled three-dimensional seismic data sets can only
be handled using a powerful computer and the appropriate software to dis-
| play the large number of different slices through the data volume. Three-
i dimensional seismic interpretation also requires a different attitude from the
interpreter. In the first place, the geological model is no longer constructed
on the basis two-dimensional vertical cross-sections but on a volume of data.
The increased amount and dense spatial sampling of information in a three-
dimensional seismic data set has facilitated the construction of a subsur-
| face model from seismic data considerably. However, the potential of the
\ three-dimensional view is not always fully exploited. The consequence of the
increased amount of data, in combination with the limited dynamic range
‘ of the optical display, is that much of the extra information and resolution
present in the data may be missed in the display.

With the demand for a more detailed description of hydro-carbon reservoirs
the need for integration of data from different sources has become more ur-
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gent. The integration of seismic data with well-log measurements requires
ways to characterize seismic data in terms of signal attributes. In a statistical
approach towards reservoir characterization the signal attributes are used to
predict the petrophysical properties of the reservoir away from a well location
on the basis of an observed correlation between a set of seismic attributes
and the petrophysical property that is measured in the bore-hole (lateral
prediction).

The problem at hand is how to extract the information present in the data
and use it to its full potential. In order to address this problem we turn to the
field of signal analysis and data representations. The Fourier transformation
is at the heart of a wide range of techniques that are used in seismic data anal-
ysis and processing. Mapping the data into the temporal frequency domain
is an effective way of re-ordering the data such that their global characteris-
tics can be assessed. However, the change of frequency content with time is
one of the main features we observe in seismic data. Because of this change
of frequency content with time, seismic signals belong to the class of non-
stationary signals. The analysis of non-stationary signals requires techniques
that extend the notion of a global frequency spectrum to a local frequency
description. The spectral energy density function that is obtained by means
of a Fourier transformation - the power spectrum - shows the frequencies
that are present in our data, but does not reveal where changes in the fre-
quency content occur. Consequently, for the interpretation of seismic data
in terms of a changing frequency content, we need a representation of our
data as a function of both time and frequency. Only quite recently, the joint
time-frequency representation of signals has become a major area of research
in signal processing. Although in the geophysical community the wavelet
transform has become widely known as the tool for local frequency analysis,
techniques that are more closely related to the Fourier transformation have
been developed and successfully applied in a wide variety of signal estimation
and detection problems. These time-frequency representations are rooted in
the statistical description of quantum mechanics. The problems that are as-
sociated with simultaneous measurement of the position and momentum of
a particle have their counterpart in time-frequency analysis, where one tries
to obtain a simultaneous measurement of time and frequency. The relation
between quantum mechanics and signal theory has been acknowledged since
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long; in 1946 it was shown by Gabor that the celebrated uncertainty princi-
ple of quantum mechanics could be applied to signal analysis as well. In the
early eighties the increased power of computers made the numerical imple-
mentation of these simultaneous representations feasible, which in turn was
the onset of further theoretical development of the field of time-frequency
analysis. The power spectrum that is employed in frequency analysis of sta-
tionary signals, has its counterpart in the Wigner distribution function as
the time varying power spectrum of a non-stationary signal. The Wigner
distribution function is a member of a class of functions that can serve as a
non-stationary power spectrum. It is this class of local power spectra that we
will employ for the characterization of seismic signals by their local frequency
content.

As was indicated in the previous, the analysis of non-stationary signals re-
quires the formulation of a theory for a simultaneous time and frequency
description. A complete and comprehensive theory for joint time-frequency
analysis does not yet exist. There is no unique time-frequency representation
of a signal that satisfies all the properties of a physically correct joint time-
frequency energy density function. However, discarding the requirement that
all properties must be satisfied in one time-frequency representation, a class
of joint time-frequency representations can be derived that serves as a model
of a local power spectrum.

In order to employ the concept of a local power spectrum in seismic signal
analysis we need to decide which time-frequency representation to use. This
choice cannot be made on the basis of a mathematical analysis alone. We
should also take into account what we aim to achieve with a local frequency
analysis. Our main area of application of the time-frequency representation
is the analysis of seismic sequences and seismic attribute extraction. A study
of the properties of the generalized class of time-frequency representations
should provide a guideline to which representation to choose in these appli-
cations.

The theory of non-stationary signal analysis has mainly been applied to one-
dimensional time series analysis. In seismic data interpretation, an analysis
of the characteristics of the signal as a function of the spatial coordinates
is equally important. Hence, we will address an extension of the theory to
signals that depend on more than one variable and show how this extension
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can be applied for seismic data analysis and characterization.

In the method employed in this thesis one important assumption is made. We
assume that the seismic data represent a band-limited reflectivity function
and that the data is free of artifacts that have their origin in the acquisition
geometry and inadequacies in the data processing. Although we are fully
aware that thorough understanding of wave propagation is a prerequisite for
seismic interpretation, the quality of seismic data we have today justifies such
an assumption. The following quotation sharply expresses the idea behind
our approach: ‘Consider everything to be geology until proved otherwise’,
Milos Backus (in: Brown 1997).

1.2 Outline of the thesis

In the two chapters following this introduction the joint time-frequency de-
scription of signals is addressed. In the first part of Chapter 2 some funda-
mental concepts and their interpretation are discussed. It will be shown how
the Wigner distribution naturally emerges as the model of a non-stationary
power spectrum and we will briefly discuss its relation to other methods
for the description of non-stationary signals. In the last part of Chapter 2
the most important properties of the Wigner distribution function will be
derived.

In Chapter 3, the general class of time-frequency representations will be in-
troduced. The general class of time-frequency representations can be param-
eterized in terms of a time-frequency smoothing that is applied on the Wigner
distribution. In the first part of this chapter we show how this parameter-
ization can be employed in the derivation of time-frequency representations
that satisfy certain desirable properties. In the second part of this chapter
we will discuss some possible choices for this smoothing function and their
associated time-frequency representations.

The applications of the time-frequency representations of the generalized
class to seismic data analysis is the subject of Chapter 4. First, the subsur-
face model that is the basis of seismic sequence analysis is discussed in the
context of signal analysis. A combination of the concepts of seismic sequence
stratigraphy and signal analysis results in a method for the characteriza-
tion and validation of seismic sequence models by means of a time-frequency
representation of the seismic data. The second part of Chapter 4 addresses
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the extraction of signal properties from the time-frequency representation for
seismic attribute analysis. Significant improvements with regard to existing
methods for seismic attribute analysis can be made if the attributes are ex-
tracted from a time-frequency representation rather than directly from the
signal.

We extend the idea of combining time and frequency to the spatial directions
in Chapter 5 and a general class of local power spectra of signals that depend
on more than one variable is formulated. A new type of local slant-stack
power spectrum is introduced in the second part of this chapter. The new
representation, which has been coined the ‘Wigner-Radon representation’, is
proposed as the local counterpart of the global Radon transformation.

Finally, in Chapter 6 the application of the Wigner-Radon representation to
the analysis of three-dimensional seismic data is discussed. The measure-
ment of local time dip and local azimuth in the generalized Wigner-Radon
representation and displaying them in a time slice map is shown to be a very
effective method to reveal the structural and stratigraphic information that
is contained in the seismic data.




Chapter 2

Time-Frequency Analysis and the
Wigner Distribution

2.1 Introduction

The Fourier transformation offers a tool for determining how the energy of
a signal is distributed in the Fourier - frequency - domain. The information
on where these frequencies are localized in time is contained in the phase
spectrum of the Fourier transform of a signal. However, even for moder-
ately complicated signals it is hardly possible to interpret a phase spectrum
in terms of time localization of frequency components. Physical measure-
ments in which the frequency content of a recorded signal changes with time
are numerous. In many of those situations it is important to know when this
change in the spectrum occurs. Clearly, a time or frequency description alone
is not sufficient in such problems. An example is the problem of inferring
stratigraphy from seismic data. The change of frequency content with time
in seismic reflection data is an important indicator of stratigraphic changes.
In a description of the frequency content for seismic interpretation purposes,
time or depth localization is clearly essential, since the goal of such an inter-
pretation is to infer geology as a function of seismic travel time or depth. In
order to study the spectral changes of the signal with time, an approach is
proposed that combines the information of the time and frequency domains

7
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into a time-frequency representation. In a time-frequency representation the
localization of the energy of a signal is considered as a joint function of time
and frequency.

A number of ways exists to devise such a time-frequency representation. The
most straightforward approach would be to divide the signal into short time
segments and determine the local spectrum by means of a Fourier transfor-
mation of the segment. The result of this operation is a widely used time-
frequency representation; the short-time or sliding-window Fourier transfor-
mation. The sliding-window Fourier transform of a signal inherently suffers
from a trade-off between the length of the window and resolution of the
representation.

Improvement of the resolution of the sliding-window Fourier transform was
one of the motivations behind the development of other techniques for the
analysis of non-stationary signals. However, the search for the physical sig-
nificance of the time-varying spectrum has been the main impetus behind all
efforts to formulate better ways to characterize the non-stationary behaviour
of a signal.

Important contributions to the theory of time-frequency analysis were made
by Gabor (1946) and Ville (1948). Their translation of some basic concepts
from quantum theory into the signal analysis context proved to be fundamen-
tal for later developments. In the late seventies and early eighties a renewed
interest in the application of these concepts developed. Some of the first
applications were in seismic signal analysis (Morlet et al. 1982), but also ap-
plications in general signal analysis (Claasen and Mecklenbrauker 1980) and
audio signal analysis (Janse and Kaizer 1980) were published. Since then the
number of publications on the subject has been steadily growing. In recent
years, the theory of time-frequency analysis appears to have reached a more
mature stage. However, there are many gaps and flaws in the theory that
need to be addressed and the field is still developing rapidly. A comprehen-
sive overview of the present state of affairs is given in two books by Cohen
(1995) and Flandrin (1993).

The question how to represent a signal as a joint function of time and fre-
quency has been addressed by many researchers (Gabor 1946; Ville 1948;
Page 1952; Priestley 1965; Rihaczeck 1968; Mark 1970). Most derivations

o
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of a fundamental time-frequency representation start with the definition of a
set of desirable properties that a time-frequency representation should have.
This set of properties is then the starting point for the derivation of a repre-
sentation that satisfies those properties. In many cases the derivation results
in a different representation, depending on the properties one chooses to be
satisfied. An important breakthrough came with the acknowledgement that
many of the previously derived representations all belong to the same class:
the class of quadratic shift-invariant representations, also known as Cohen'’s
class (Cohen 1966). One of the best known time-frequency representations
within the Cohen’s class is the Wigner distribution. The Wigner distribu-
tion is considered to be representative for the Cohen’s class. In that quality,
it is the time-frequency representation that has been studied most exten-
sively, apart from the sliding-window Fourier transformation. Originally, the
Wigner distribution was derived by Wigner (1932) for the calculation of the
quantum correction terms to the Boltzmann formula. In the early eighties
Claasen and Mecklenbrauker developed a comprehensive approach for the ap-
plication of the Wigner distribution to joint time-frequency analysis (Claasen
and Mecklenbrauker 1980).

This thesis deals with the Wigner distribution and the other members of
Cohen’s class of time-frequency representations. Numerous other approaches
to non-stationary signal analysis exist, of which the evolutionary spectrum
(Priestley 1965), the Gabor logon approach (Gabor 1946) and the wavelet
transform (Rioul and Vetterli 1991) have been particularly successful. We
prefer the Wigner distribution as a starting point. Not only for its attractive
mathematical properties in general, but also because there is a close relation
between the complex-trace attributes (Taner et al. 1979) that are used in
seismic interpretation and the Wigner distribution.

In this chapter the Wigner distribution and its Fourier dual, the ambiguity
function will be discussed. The general class of time-frequency representa-
tions will be the subject of Chapter 3.

First, some of the concepts of joint time-frequency analysis and terminology
will be introduced.
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2.2 Time and Frequency Analysis

In the next sections some of the concepts that are essential to the theory of
time-frequency analysis will be introduced. Through the years, the field of
time-frequency analysis acquired its own terminology. Much of the terminol-
ogy is influenced by the strong links with quantum mechanics and statistics.
Moreover, many terms are borrowed from random signal theory, although
the application of the concepts involves deterministic signals. We speak of a
deterministic signal if we know its actual values. For instance, because the
signal is the outcome of some measurement.

First, the use of the energy density function for the description of signals in
the time and frequency domain will be demonstrated. We will then discuss
on the possibility of an extension of these concepts to a joint time-frequency
density function.

The signals we are studying are generally represented by the generic function
u(z,t), depending on space via the location vector & and on time via the
scalar coordinate ¢. This class of functions is representative for the seismic
signal. The frequency representation of a signal is found by a Fourier trans-
formation. The Fourier transformation with respect to the time variable ¢ of
a signal u(x,t) is defined as

iz, f) = Fy {w(e, 1)} = e exp(—j2nft)u(z, ) dt, (2.1)

where f is the temporal frequency. The inverse Fourier transformation is
defined as

u(e,t) = F} iz, )} = /f . e/, )df (2.2

In this thesis we adopt the symbol F;  to denote the Fourier transform op-
erator. The variable that is transformed is given by the subscript and the
superscript denotes the sign of argument of the exponential function. Some
properties the Fourier transformation are given in Appendix A.

In the next chapters we will confine ourselves to the time and frequency
description of signals. The space and spatial frequency description will be
incorporated in Chapter 5. However, most of the following is directly applica-
ble to space-spatial frequency analysis. From now on the spatial dependence
will be omitted and the signal u(z,t) will be denoted as u(t).
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The distribution of energy of a signal, u(t), over frequency is given by its
power spectrum, which is defined as

E(f) = la(f)*. (2.3)

The power spectrum is a real and non-negative function by definition and
hence it can be treated as a density function. The possibility of manipulating
the power spectrum as a density function is advantageous, since in many cases
we will attempt to characterize the power spectrum by a limited number of
parameters. For instance, the average frequency of a signal can be measured
as the mean frequency of the power spectrum, defined as

Jrem TE(AS
" Trem EDAF

where the brackets () denote the average. For real-valued signals we have

(£)

(2.4)

~ a two-sided power spectrum with E(f) = E(—f). In that case the mean

frequency is usually defined as the average of Eq.(2.4) for positive frequen-
cies only, i.e. the integration is carried out for f € IR", where IRt =
{f e R, f >0}

A measure for the concentration of energy around this average can be found
as the standard deviation of the power spectrum. The standard deviation,

oy, of the power spectrum is also known as the bandwidth, B, and is given
by

52— g2 _ drem (F = ()?B()df
7 Jrem B(AS
For real-valued signals we once again replace f € IR by f € IRT. Another

way to characterize a density function is through its moments. The moment
of order n, denoted by [f"], of the power spectral density is given by

= e (2.6)
feR

A density function is characterized through its moments. This can be seen
if we take the Fourier transformation of the density. The inverse Fourier
transform M(7) of the power spectral density is given by

M(r) = / exp(i27 fT)E(f) df. (2.7)
felr

(2.5)
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By expanding the exponential we obtain
o0 o0
_ (j2m fr)" R o P
M= [ SRR =S @9

n=0 n=0

From which we conclude that M(7) is represented by a Taylor series with
coefficients (j271)" [f"]. Since the Fourier transform pairs M(7) and E(f) are
uniquely related, Eq.(2.8) implies that the density E(f) is fully characterized
by its moments. The Fourier transform of a density is therefore called the
characteristic function of the density. The advantage of using the moments
of the density instead of the density itself for the characterization of the
frequency content of a signal is that for many densities a finite number of
moments is sufficient to fully describe the density function. The coefficients
of the Taylor series Eq.(2.8) are following from the nth derivative of M(7) in

T=0,ie.
a1 O"M(71)
[f ] - (J27T)n a,rn lT:O .

For a smooth density function, the derivative of its characteristic function will
become insignificant after a certain order n. Consequently, for most power
spectral densities only a limited number of moments is needed to characterize
the frequency content of a signal. The characteristic function of the power
spectral density can also be directly obtained from the signal itself,

M(r) = r{u, u}(r) = /tem w(t + T)ut(t) dt. (2.10)

(2.9)

The function r{u,u}(7) is the auto-correlation function of the signal u(t)
(Eq.(A.7)).
For the time domain characteristics of a signal we define a similar set of

parameters and relations. The energy distribution in the time domain is
given by the squared modulus of the signal u(t) itself,

E(t) = Ju(®)]%. (2.11)

In a similar way as the mean frequency (cf. Eq.(2.4)), the mean time (t) is
introduced as

Jiem tE()dt
(0= ftteﬂ; E(t)dt”

o

(2.12)
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A measure for the duration of a signal, denoted by T, can be found as the
standard deviation o; around the mean time,

o Jem = (t)?E(t)dt
TZ—Uf— telthezR TOET

The characteristic function of the time density is the spectral auto-correlation
function r{i,4}(v) and is given by

(2.13)

r{ﬁ,ﬁ}(u)=/tem exp(—j2mut)|u(t)|? dt. (2.14)

In terms of the Fourier transform 4(f), the spectral correlation function can
be expressed as

r{a, 8} (v) = / a(f +v)a*(f) df, (2.15)

feR

where v is the frequency-shift variable.
2.2.1 Joint Time-Frequency Analysis

In seismic interpretation, the time and frequency representation alone is not
sufficient. The main interest is not the frequency content of the signal as a
whole, but how the frequency content changes with time and space. In the
ideal situation we would have a joint time-frequency energy density E(t; f).
We could then treat this function as a bivariate density function and use
the corresponding set of mathematical tools to manipulate and characterize
the time-frequency density E(t; f). For instance, the average frequency as
a function of time can be measured from E(¢; f) by calculating the mean
frequency for a fixed t:

Jrem TE@£)Af
t ffe]R E(t7f)df
The fundamental problem in time-frequency analysis is that there is no such

function of time and frequency that satisfies the following requirements that
are imposed on a density function.

(f) (2.16)

The first requirement is that the density function is a non-negative, real
valued function, i.e.

E(t;f) >0,fort€ IRand f € IR (2.17)
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and
Im{E(¢t; f)} =0, fort € IRand f € IR. (2.18)

The second requirement is that the density E(¢; f) satisfies the so-called
marginals. A marginal density of a two dimensional density E(¢; f) is the
density as a function of one of the two variables. The time marginal, E(t),
is found by integration of E(t; f) over frequency,

E()=u)u*(t)= [ E@ f)df. (2.19)
feR

Similarly, the frequency marginal is given by

E(f) = a(f)a*(f) = E(t; ) dt. (2.20)
telR

The time and frequency marginal cannot be specified independently, as u(t)
and 4(f) are connected through their Fourier transform relations. Because
of this dependency, the non-negativity constraint (Eq.(2.17)) and marginal
properties of Eqs.(2.19) and (2.20), cannot both be satisfied in one time-
frequency representation of the signal u(t). The proof for the contradiction
of non-negativity and correct marginals has been given for the quantum me-
chanical joint distributions of coordinates and momentum by Wigner (1971).
We will follow his argument here and translate it to the time-frequency case.

In order to show that it is impossible to satisfy both the non-negativity
and marginal requirements for all u(¢), it is sufficient to consider the linear
combination of two signals, u(t) = auy(t) + bua(t), such that u;(t) vanishes
for all ¢, for which us(¢) non-vanishing. First, we impose the time marginal
requirement on a non-negative time-frequency energy density function of u.
We will show that the result is incompatible with the frequency marginal
requirement. We start with the following lemma:

Lemma 1. If the signal u(t) vanishes in some time interval T', and xr(t) is
the characteristic function of this interval, we have for the non-negative
function E(¢; f),

/ E(t; f)yr(t) dt = 0, for f € IR. (2.21)
telR
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Here, we have used x7(t); the characteristic function of the set 7. The set T
is made up of the interval T, the boundaries 37" and the complement in IR
of the union of T' and 8T, denoted by T’. We now define x7(t) as

xr(t) = {1,1,0} whent € {T,0T,T'}. (2.22)

The result of Lemma 1 can be verified by considering the time marginal,
Eq.(2.19), in Eq.(2.21),

/ / E(t; flxr(t)dtdf = / u(thu*()xr(t)dt =0. (2.23)
fer Jter tcIR

The integrand with respect to f is non-negative as long as Eq.(2.17) holds for
E(t; f). It follows that the integrand with respect to f must vanish, except
for a set of f of measure zero.

As Eq.(2.21) is valid for all f and any x7(¢), we can also conclude from
Eq.(2.21) that if u(t) vanishes in an interval T, the corresponding E(¢; f)
vanishes for all values of ¢ inside the interval T'. This last result is illustrated
in Fig. 2.1.

We now consider two functions u;(t) and uo(t) which vanish outside two
non-overlapping intervals 77 and 75, respectively.

The time-frequency energy density of the sum of the two functions, Ey, 4, (¢; f),
is zero outside the two time intervals 77 and 75. This is a consequence of the
fact that we have taken E,, 14, (t; f) everywhere non-negative and we want
to have the correct time marginal, i.e.

/ By s (5 D xay (8)xry (8) df = 0. (2.29)
ferR

This result is illustrated in Fig. 2.2.

Consequently, we can express the non-negative time-frequency energy density
function of u(t) = auy(t) + bua(t), with the correct time marginal as

Eyytus (85 ) = |a> By, (4 f) + [B]*Euy (8 £), (2.25)

for all ¢ and b. The result Eq.(2.25) is incompatible with the frequency
marginal property Eq.(2.20). We can demonstrate this by considering the
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MAMHHMHIITETEGESSS.

Figure 2.1: Graphical illustration of the result of Lemma 1. If u(t) vanishes in time

interval T then the non-negative function E(t; f) is zero for f € IR and
teT.

J\\\\\\\\\\\\\\\
ﬁ\\\\\\\\\\\\\\\\\\\\\\

Q
g
=

frequency

Figure 2.2: The non-negative E{u,u}(t; f) with correct time marginal, vanishes
everywhere outside Ty and Ts.
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frequency marginal of the non-negative density with correct time marginal,
given by Eq.(2.25):

/ Em—i—ug(t; f) dt = lalQ / E., (t§ f) dt + Ib|2 / Ey, (t; f) dt.
telR tclR teIR (226)

The frequency marginal can also be found from the Fourier transform of
u(t) = auy(t) + bua(t), ie.

E(f) = |F {u®)}? = lal*a1(f)? + [blta(f)? + 2Re{ab™ i (f)a3(f)}-
(2.27)

Since we want both Eq.(2.26) and Eq.(2.27) to be valid for all @ and b, we
must have

a1 (fia(f) = 0. (2.28)

This last identity cannot hold for the signals u1(¢) and us(t), as they vanish
outside the intervals T} and 75 respectively. The Fourier transform of a
function that vanishes outside a restricted time interval will have an infinite
support in the frequency domain and as a result both 4, (f) and dg(f) will
not vanish in any frequency interval. Consequently, Eq.(2.28) cannot hold
for the signal u(¢), which completes our proof of the incompatibility of non-
negativity and correct marginals.

For a long time the preceding argument has been used to demonstrate that
time-frequency representations that are both non-negative and have correct
marginals do not exist. In the proof it is assumed that the representation is
bilinear, which implies that the representation is independent of the constants
a and b. However, if the bilinearity condition is dropped and the marginals
are treated as independent densities it is possible to construct non-negative
time-frequency representations with the correct marginals.

Using the same methods that are used in statistical theory to construct a
bivariate density function from its marginals, a time-frequency representation
can be constructed from the instantaneous energy and power spectrum of
a signal. For instance, one could propose a time-frequency representation,
P(t; f), of the form

P(t; f) = Cla(t), (/) lu(®)*|a()], (2.29)
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where C(a(t),b(f)) is a functional that specifies the correlation between the
marginals. If certain conditions are imposed on C(a(t),b(f)), one can con-
struct non-negative densities with the correct time and frequency marginals.
Time-frequency representations of this type have been proposed in Cohen
and Posch (1985), where the authors give a parameterization of the function
C(a(t),b(f)) that results in a non-negative density with the correct marginals.
However, the problem with the representations of the type of Eq.(2.29) is that
the representation depends on the signal and there is no satisfactory way to
find the correlation between the marginals without taking into account their
functional dependence. We will therefore not further consider the represen-
tations of the type of Eq.(2.29) and refer to Cohen (1995) and references
therein for a more thorough discussion. At this point we only want to make
clear that the marginals alone are not sufficient to construct a joint time-
frequency density function, but we have to specify somehow the correlation
between the variables ¢ and f.

The functional dependence of the marginals sets the time-frequency energy
density functions apart from the bivariate density functions in statistics.
However, we have not yet clearly defined this functional dependence. There
is no direct relation between the time energy density, |u(t)|?, and the power
spectrum, |%(f)|?, in the sense that if we know one marginal, we can find
the other. What we have is the Fourier-transform relation between the time
signal, u(t), and its frequency-domain representation, 4(f). Therefore, one
cannot specify a signal in one domain, without at the same time fixing its
representation in the other domain.

The basic consequence of this Fourier transform relation is that a narrow
waveform in time has a broad spectrum and that a narrow spectrum yields a
broad time signal. This last observation is known as the uncertainty principle
of signal analysis. A graphical illustration of the uncertainty relation between
the time and frequency representations of a signal is shown in Fig. 2.3. A mea-
sure for the duration and bandwidth of a signal was given by Egs.(2.13) and
(2.5). The standard deviations of the time and frequency density functions,
o+ and o, were proposed as the parameters that describe the broadness of
the signal in time and frequency domains respectively. With these two mea-
sures for the broadness of a signal, the uncertainty relation can be expressed
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Hut)? Na(f)|?
/\
time frequencyA’
Hu(t)? fla(f)I?
J’\
time frequency -

Figure 2.3: The uncertainty relation for time and frequency marginals. A broad
waveform in time gives a narrow frequency spectrum and vice versa.

as (Gabor 1946)

ooy > (2.30)

s
We will refer to the inequality Eq.(2.30) as Gabor’s uncertainty relation, in
order to distinguish it from Heisenberg’s uncertainty relation of quantum
mechanics. Although the two relations are the same in their mathematical
expression, they relate to different physical concepts. In quantum mechanics
the uncertainty relation emerges in a probabilistic context, while in signal
analysis it is an expression of the simple fact that one cannot make B and
T arbitrarily small. An excellent discussion of the uncertainty principle in

signal analysis and its relation to quantum mechanical concepts can be found
in Cohen (1995).

It should be noted that the uncertainty principle is a statement about the
marginals. As such it puts only a mild restriction on the time-frequency rep-
resentation itself. As long as the representation satisfies the marginals, the
uncertainty principle is not violated. The uncertainty relation constraints the
region of the time-frequency plane where energy is localized. The boundaries
of this region are roughly given by the duration and bandwidth of the signal.
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frequency
Figure 2.4: Time-frequency representations that yield the same marginals can have
a totally different time-frequency correlation structure.

A
g

time

However, there is still an infinite number of ways to distribute the energy
within this region. The wide variety of time-frequency representations that
yield the same marginals is graphically indicated in Fig. 2.4. In the previ-
ous we have discussed some of the requirements that a joint time-frequency
representation should satisfy. It was shown that the requirement of correct
marginals is only a mild restriction on the representation. The non-negativity
and marginal conditions can only be satisfied in one time-frequency represen-
tation by making the representation dependent on the signal. As we presently
have no idea how this dependence can be introduced in the representation,
the non-negativity condition is dropped. The remaining question is how the
correlation is introduced into in the time-frequency representation.

The correlation between the marginals can be brought into the representation
if the concept of the characteristic function of the densities of a single variable
is extended to the bivariate case. The joint time-frequency characteristic
function M(v;7) of the time-frequency representation P(Z; f) is introduced
as

M(y;7) = [elR /felR exp(—j2m(vt — f7))P(t; f)dtdf. (2.31)

The characteristic function can be interpreted as the average value of
exp(—j2n(vt — f7)) as a function of v and 7. If we can derive the character-
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istic function, the time-frequency representation P(¢; f) can be obtained as
the two-dimensional Fourier transform of M (v;7), given by

Pt f) = /1:532 /;elR exp(j2n (vt — fr)M(v;7)dv dr. (2.32)

At present there is only one method with which the characteristic function
M (v;7) can be derived from first principles. It is known as the ‘character-
istic function operator method’ (Cohen 1995). The association of variables
with (Hermitian) operators is a concept that emerged in quantum physics
and only recently has found its way to signal analysis. It is a particularly
helpful concept if one wants to derive joint distributions other than of time
and frequency (Cohen 1996a, 1996b). In time-frequency analysis, the opera-
tor method does not really have any practical implications. For that reason
we will only briefly describe the method here. In the following, we will use
the operator method to derive the prototype bilinear time-frequency repre-
sentation; the Wigner distribution.

Time and frequency can be associated with the Hermitian operators 7 and
F. The time operator is defined as

T{u}(t) = tu(t), (2.33)
in the time domain, and in the frequency domain we have
T{a}(f) = 5= il f) (2.3
) =5 fu . .

The frequency operator! is given by

Fla}(f) = falf), (2.35)

in the frequency domain. In the time domain the frequency operator is given
by

_-id

Flu}(t) = o dtu(t). (2.36)

!Note that here we use the symbol F for the frequency operator, It should not be
confused with F;”, which denotes the Fourier transformation over the variable .
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The fundamental commutation relation between the operators is
TF—FT =3 (2.37)
27

and follows directly by using Eqgs.(2.33)-(2.36) on either u or @. The cru-
cial step in the derivation of the joint time-frequency characteristic function,
M(v; 1), is that the average, (exp(—j2n(vt — 7f))) can be obtained directly
from the signal u(t) as

M(vs7) = / (&) M (s ) {u}(b) dt, (2.38)
tcIR

where M is the so-called characteristic function operator. An example of
this operator is found by substituting the time and frequency operators for
the time and frequency variables in the expression exp(—j2n (vt — 7f)) (Ville
1948),

M(v; 1) = exp(—j2n(vT — 7F)). (2.39)
We now find the characteristic function by substitution of this operator into
Eq.(2.38),
M(y;7) = / u*(t) exp(=j2n(vT — 7F)){u}(t) dt. (2.40)
teIR

The exponent can be broken up, using a special case of the Baker-Hausdorf
theorem (Cohen 1995; Wilcox 1967), i.e.

exp(—j2r(vT — 7F)) = exp(—j2nv7/2) exp(—j2mvT) exp(j2nTF).
(2.41)

Using Eq.(2.41) in Eq.(2.40), the characteristic function can now be expressed
as

M(v;7) =

—/telR u*(t) exp(—j2nv7/2) exp(—j2mvT) exp(j2rnTF){u}(t) dt. (2.42)

The operator exp(j2x7F) is the translation operator

exp(j2nTF){u}(t) = u(t + 7) (2.43)
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and as a result we find

M(v;7) = / () exp(—j2muT/2) exp(—2mut)ult + 7). (2.44)
tcIR
Finally, with the change of variables s =t + %'r, ds = dt, we arrive at
M(v;7) = / u*(s — §7) exp(—j2mvs)u(s + i1)ds. (2.45)
s€iR

The characteristic function is bilinear in the signal u(t), by which is meant
that the signal enters twice in the representation. In this case the signal
enters twice through the product of the signal with its reverse conjugate. We
shall therefore from now on adopt the notation M{u,u}(v;7) for the bilinear
characteristic function. Since we have found the characteristic function of the
representation, we can use Eq.(2.32) to obtain the bilinear time-frequency
representation, P{u,u}(¢; f), as

Plu,u}(t; f) = / exp(—j2rfr)ut + ir)u*(t — ir)dr. (2.46)
T€IR

This time-frequency representation is the Wigner distribution. The Wigner
distribution was posed by Wigner (1932) in a quantum-mechanical context.
The first derivation of the Wigner distribution as a time-frequency repre-
sentation was made by Ville (1948). When used in the context of joint
time-frequency analysis, it is also referred to as the Wigner-Ville distribu-
tion. From now on we will use the notation W{u,u}(t; f) for the Wigner
distribution.

The above derivation, which started from the time and frequency operators,
suggests that the Wigner distribution is the fundamental time-frequency rep-
resentation. There is however an ambiguity in the derivation, which has its
origin in the commutation relation Eq.(2.37). The time and frequency op-
erators do no commute, which means that changing their order changes the
outcome of the operations. A consequence of the commutation relation is
that there is an infinite number of ways to associate an operator with the
function exp(—j27(vt — 7f)). In the derivation of the Wigner distribution
the Weyl ordering was used, i.e.

exp(—j2n (vt — 7f)) — Mw = exp(—j2zn(vT — 7F)). (2.47)
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However, other correspondence rules can be used as well. For instance,
exp(—j2r (vt — 7f)) — My = exp(j2x7F) exp(—j2nvT), (2.48)

which is the called the normal correspondence. The normal correspondence
leads to a different characteristic function (Cohen 1995), given by

M{u,u}(v;7) :/telR u*(t) exp(—j2nrt)u(t) dt. (2.49)

The corresponding time-frequency representation is the Margenau-Hill dis-
tribution,

Plu,ul(t; f) = u*(t) exp(=j2r fe)a(f)- (2.50)

Using all possible correspondence rules an infinite number of time-frequency
representations is obtained. However, if we adopt the Weyl ordering, all other
orderings M;, can be expressed as

M; — U(v; 1) exp(—j2n(vT — 7F)), (2.51)

where ¥(v;7) is a kernel function (Cohen 1995). We shall use this relation
between the correspondences to generate other time-frequency representa-
tions from the Wigner distribution in Chapter 3. In this thesis we will adopt
the Weyl ordering and consequently the Wigner distribution will be our ba-
sic time-frequency representation. The reason for this is simply that the
Wigner distribution has been extensively studied in the past. As we can
obtain all other representations from the Wigner distribution through the
relation given by Eq.(2.51), we will first study the Wigner distribution. The
properties of the other time-frequency representations can then be derived
by an evaluation of the associated kernel function ¥(v; 7).

The properties of the Wigner distribution will be studied in more detail in the
last part of this chapter. First, we will briefly discuss two classical methods
for time-frequency analysis; the sliding-window Fourier transformation and
complex-trace analysis. The purpose of discussing them here, is to establish
their place in the framework of the bilinear time-frequency representations.
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2.2.2 The sliding-window Fourier transformation

The spectrogram is the classic method for the estimation of the local fre-
quency content of a signal. It is obtained as the squared modulus of the
Fourier transform of a windowed portion of the signal. If we weight the
data at each time ¢ with a window function w(t), a modified signal u;(7) is
obtained as

ut(7) = u(r)w(r —t). (2.52)

We take a real-valued window function that is centered at ¢t = 0. By changing
the duration of the window, we change the time interval in which the signal
ut(7) is localized. The sliding-window Fourier transform, the local spectrum
4(f), is found by a Fourier transformation of the localized signal,

@ (f) = Fr {ue(n)}. (2.53)

Repeating this procedure for each time ¢ and taking the squared modulus of
4(f), we obtain a time-frequency representation P{u,u}(¢; f) as

Plu,u}(t; f) = |a(f)%, (2.54)
which is called the spectrogram of u(t).

A problem that is often associated with the sliding-window Fourier transfor-
mation, is that the result is strongly influenced by the choice of the window,
w(t). The windowed signal, u:(7), and the local spectrum are a Fourier
transform pair. Consequently, their broadness in time and frequency is gov-
erned by the uncertainty principle. The duration of the windowed signal is
determined by the window length. Improving time localization by using a
shorter window, results in a broadening of the spectrum and consequently
the frequency localization is diminished. Of course, the reverse will happen
if we lengthen the window. In that case, frequency localization is improved,
at the cost of time localization.

In the interpretation of a spectrogram one must always take the shape and
size of the analysis window into account. The best results are usually achieved,
if a window is used that is matched to the characteristics of the signal. The
effect of the window on the local spectrum will be minimal if the characteris-
tics of the signal are not altered by the application of the window. However,
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in many cases it is difficult, or even impossible, to find this matched window.
For instance, if the characteristics of the signal change rapidly as a function of
time. In those cases one could try to find a time-dependent matched window.
The simplest way to achieve this, is to use the signal itself as the window.
For example by taking

ay(f) = F7 {u(r)u*(r — 1)} (2.55)
The symmetric form Eq.(2.55) is given by
Plu,u}(t £) = F5 u(t + dr)u*(t — 3n)), (2.56)

which is the Wigner distribution of the signal u(t). One of the interpretations
we can attach to the Wigner distribution is that of a Fourier transform of
the signal after it has been windowed with the reverse of itself. With this
interpretation we can anticipate a problem that will be encountered when
using the Wigner distribution as a local spectrum. With a sliding-window
Fourier transformation, the results depend strongly on the interaction of the
window with the signal. Similarly, the Wigner distribution will be strongly
influenced by the interaction of the signal with its reverse. The consequences
of this interaction remain an important issue throughout this thesis. The
relation between the spectrogram and Wigner distribution will be established
in more detail in Chapter 3.

2.2.3 Polar representation of the spectrum and the complex time
signal

Complex functions of a real variable, such as the Fourier transform of a func-
tion, can be given in their polar representation. The polar representation
enables the decomposition of the Fourier transform of a function into a spec-
tral amplitude function a¢(f) and spectral phase function ¢(f) by taking

a(f) = as(f) exp(jés(f))- (2.57)

Another parameter that is used to describe the Fourier spectrum is the group
delay, 74(f), which is the scaled derivative of the spectral phase function with
respect to frequency, and is defined as

1 dés(f)
af -

To(f) = —5- (2.58)
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The same representation can be adopted for complex time functions. A
complex function u(t) can be decomposed into an envelope function, as(t),
and phase function, ¢;(t), by taking

u(t) = as(t) exp(je(t))- (2.59)

Measured signals are real valued. The signal is made complex by adding an
imaginary part to it. For obvious reasons, it is important that there is a
unique relation between the complex signal and the original signal. There is
a unique relation between real and imaginary part if the signal is analytic. In
the context of signal analysis, an analytic signal is a complex-valued signal
with a real and imaginary part that are their respective Hilbert transforms.
The complex-trace attributes as used in seismic interpretation are closely
related to the notion of the analytic signal (Taner et al. 1979). The imaginary
part of the analytic seismic signal is found by a Hilbert transformation of the
real signal u(t):

Im{u®}(t) = He{u}(?), (2.60)

where the superscript a denotes analytic with respect to time and #H:{u}
denotes the Hilbert transformation of u with respect to time. The Hilbert
transformation can conveniently be expressed in the Fourier domain as

Helu}(£) = —j sign(f)a(/), (2.61)
where sign(f) is the sign function, defined by
sign(f) = {—1,0,1} when {f <0, f =0, f > 0}. (2.62)

Hence, we can find the imaginary part of the analytic signal by a Hilbert
transformation of the real signal in the Fourier domain, followed by an inverse
Fourier transformation. The full complex trace is found by summation of the
real and imaginary signals in the Fourier domain:

a®(f) = a(f) + iHe{u}(f) =(1 +sign(f))a(f) (2.63)
=2 X+ (i),

where x p+(f) is the characteristic function on the domain IR' given by

xm+(f) ={0,3,1} when {f <0,f =0, f > 0}. (2.64)
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As a result, we find the complex trace by setting the Fourier transform of the
signal to zero for negative frequencies and taking twice the value for positive
frequencies, while the zero frequency is left unchanged.

For the analytic signal the following nomenclature is widely used. Given the
signal

u®(t) = u(t) + jHi{u}(t) = a(?) exp(jgu(2)), (2.65)

the following terms are used:

u®(t) = u(t) +jHe{ul(t) is the analytic signal,

u(t) = Re{u®}(?) is the real signal,

Hi{u}(t) = Im{u®}(?) is the imaginary signal,
ay(t) = Ju(t)? + Hi{u}(t)? is the modulus or envelope,
de(t) = tan! {%ﬁ} is the argument or phase.

Because the envelope and phase of the analytic signal are functions of time - as
opposed to the spectral amplitude and phase functions - they are often called
instantaneous amplitude and instantaneous phase. An important parameter
is the derivative of the phase with time

fit) = %9%(12, (2.66)

where f}(t) is the instantaneous frequency.

In seismic signal analysis the instantaneous amplitude, instantaneous phase
and instantaneous frequency are called the complez-trace attributes.

The physical interpretation of the complex-trace attributes has been a contro-
versial subject. Especially, the interpretation of the instantaneous frequency
has been continuously under discussion (White 1991; Barnes 1993). Many
of the misunderstandings and misinterpretations can be brought back to the
fact that one tries to enforce some relationship between the instantaneous
frequency and Fourier frequencies. It is tempting to interpret instantaneous
frequency as a measure for the frequency as a function of time. However,
some properties of the instantaneous frequency are difficult to reconcile with
this interpretation. One of the contradictions is that for most seismic signals
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the instantaneous frequency attains negative values. However, there is no
energy at negative frequencies in the spectrum of an analytic signal. If the
instantaneous frequency is to be regarded as a measure for the distribution
of Fourier frequencies over time, it is at least remarkable to find values that
are outside the bandwidth of the Fourier spectrum.

Much of the controversy about the complex-trace attributes can be clarified
by considering their relation with the bilinear time-frequency representations.
The time marginal of the Wigner distribution of the complex trace is the in-
stantaneous energy. The instantaneous frequency can be found by calculating
the average frequency for a fixed time, of the Wigner distribution, i.e.

Jrem FWHu,u}(; f) df
"~ Jrem WiwulE Hdf

HOEXHY (2.67)

In the same way the group delay can be found as the average time for a fixed
frequency of the Wigner distribution.

This type of relation is not only of theoretical interest. The extraction of
attributes via the time-frequency representation of the signal, instead of di-
rectly from the signal, leads to significant improvements in signal to noise
ratio of the attributes. Moreover, the average frequency is just one charac-
teristic of the time-frequency representation. Other measures, such as local
bandwidth of higher order relative moments, are potentially useful attributes
as well. Complex-trace attribute analysis is one of the few methods the seis-
mic interpreter has for a quantitative description of the characteristics of the
seismic trace. When discussing the properties of the time-frequency repre-
sentations, we will therefore also take the relation with the complex-trace
attributes into account.

2.3 The Wigner distribution function

In this section we will discuss the Wigner distribution as a candidate for
the non-stationary power spectrum in more detail. In the previous section
it was shown that the Wigner distribution can be derived by determining
the characteristic function of a joint time-frequency density function through
the Weyl ordering of the time and frequency operators. Here, our starting
point in the derivation of the Wigner distribution will be a generalization
of the auto-correlation function to the non-stationary case. The Wigner
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distribution has a large number of mathematical properties that make it a
good candidate for the basic time-frequency representation. It is for those
attractive mathematical properties that we adopt it as the starting point
of all time-frequency analysis methods that are discussed in this thesis. The
generalization of the auto-correlation function (Eq.A.7) to the non-stationary
case is given by the instantaneous auto-correlation function R{u,u}(t;7).
The instantaneous auto-correlation of a signal u(t) is obtained by considering
the symmetric auto-correlation of a signal around fixed time ¢, i.e.

R{u,u}(t;7) = ult + ir)u*(t — ir). (2.68)

The Wigner distribution of a function «(t) is defined as the non-stationary
power spectrum that is associated with the instantaneous auto-correlation
function

W{u,u}(t; f) = Fr {R{u,u}(t;7)}. (2.69)

It is the Fourier transformation of the instantaneous auto-correlation over
the time-shift variable 7.

The Wigner distribution can also be expressed in terms of the Fourier spec-
trum 4(f). To that end, we consider the Fourier transformation with respect
to time of Eq.(2.69),

Fr {W{u,u}(t; f)} = Ff Fr {u(t + %’r)u*(t — %T)} . (2.70)

Next, we replace the variables of integration ¢ and 7 in Eq.(2.70) by ¢’ and
7', through
r=t- %T,
, . (2.71)
t =1+ 57,

which entails that dtdr = d#’d7’ . Hence, Eq.(2.70) is replaced by

Fo AW {u,u(t; )} =
/t exp(—j2n(f + sv)t')u(t))dt’ (/ exp(—j2n(f — %V)T’)U(T’)d’r,)

'€ IR
= a(f + L)ar (f - ).

'elR
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As a result, by considering the inverse Fourier transformation with respect
to v of both the left-hand side and right-hand side of Eq.(2.72), we obtain

W{w,ul(t; f) = 7 {R{4, 4} (v; f)}, (2.73)

where,

R{a,a}(v; ) = a(f + 30)0*(f — 5v), (2.74)

which is the local spectral auto-correlation function with frequency-shift vari-
able v.

The Wigner distribution has many interesting mathematical properties. Those
properties that are important in the present context are given below. A com-
prehensive list of properties of the Wigner distribution is given in Hlawatsch
and Boudreaux-Bartels (1992).

2.3.1 Properties of the Wigner distribution

Property 1: Realness. The Wigner distribution is real. To verify this
property, we consider the complex conjugate of Eq.(2.69).

W*{u,u}(t; f) = / exp(j2r fr)u*(t + %T)u(t — %7‘) dr

TEIR

:/ exp(—j2n fr)u*(t — r)u(t + 1r)dr (2.75)
T€IR

= W{u,u}(; f),
from which we conclude that W{u,u}(¢; f) is a real-valued function.

Since the Wigner distribution is a real-valued function, it has no phase. How-
ever, the phase information of the signal is preserved in the Wigner distri-
bution. This can be concluded from the inversion property of the Wigner
distribution:

Property 2: Inversion. The signal can be recovered from its Wigner
distribution up to a constant phase factor. Taking the inverse Fourier trans-
formation of the Wigner distribution with respect to the frequency we obtain
the instantaneous auto-correlation function

u(t + $7)u* (t - i) = .7-'}2F {W{u,u}(t; f)}. (2.76)
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If we now consider the value, t = %T, and replace 7 by ¢, we obtain

u(t) = 0 .7-"+ {W{u,u}(5t 1)} (2.77)

*(
Consequently the signal can be recovered from its Wigner distribution up
to a constant 1/u*(0). The constant arises because to obtain the Wigner
distribution we have multiplied the signal with its complex conjugate. In
this multiplication a constant phase factor drops out and can therefore not
be recovered from the Wigner distribution.

Property 3: Marginals. Integration of the Wigner distribution over time
yields the spectral energy density spectrum, E(f), of the signal, i.e.

E(f) = W{u, u}(t; f) dt = [a(f)P, (2.78)
telR
which follows from Eq.(2.69) and the identity
/ exp(j2nvt) = 6(v), (2.79)
telR

where d(v) is the delta function of Dirac.

In the same fashion, integration of the Wigner distribution over frequency
yields the instantaneous energy, E(t), of the signal, i.e.

E®=Amlﬁuwﬁfﬁ ()2, (2.80)

which follows from Eq.(2.73). Equations (2.78) and (2.80) are called the fre-
quency marginal and time marginal of the Wigner distribution, respectively
(cf. Egs.(2.19)) and (2.20)).

The total energy, E,, of a signal u(t) is given by
Bo= [ uwwd= [ iy, (2.8)
tcIR feR

where Parseval’s theorem has been used (Eq.(A.9)). Consequently, the com-
bination of time and frequency marginal properties leads to the total energy
condition

E, = / W {u, u}(t; f) dtd. (2.82)
teIR feR
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Property 4: Local averages. The relative first-order moment of the
Wigner distribution with respect to frequency is given by

1
D= 55 fo SV 0D, (2:83)

where the brackets denote the average and the underscore ¢ that this average
is taken for every time ¢. The average frequency of the Wigner distribution
can also be obtained directly from the signal. Equation (2.83) can also be
written as an inverse Fourier transformation:

(1= g UW{ww 6N} 57 =0) (284)

Then, using the definition of W{u,u}(t; f) of Eq.(2.69) and the transforma-
tion of a time derivative of a function as given in Eq.(A.12), we obtain

IW{u,u}(t; f) = —.7-"“ {0; R{u,u}(t;7)} . (2.85)

Substitution of Eq.(2.85) in the right hand side of Eq.(2.84) leads to

1

1= 55w

=0 R{u, u}(t; 7)|r=0 - (2.86)

We now substitute the definition of R{u,u}(¢;7) of Eq.(2.68) and perform
the differentiation. An expression of the average frequency in terms of the
signal u(t) is then found as

()= g W00 (0) — " (ODu(e). (2.87)

Using the relation E(t) = u(t)u*(t), we can further simplify this result and
arrive at

(), = %Im{azng)} - %Im{@t Inu(t)}. (2.88)

In the case that u(¢) is an analytic signal (Eq.2.65) we have

(F)e = gotm {0 epGa(A]} = 5-0(H) = 7i(), (289
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where ¢;(t) is the instantaneous phase and fi(t) is the instantaneous fre-
quency of the analytic signal. Hence, we can obtain the instantaneous fre-
quency of a signal as the average frequency as a function of time of the Wigner
distribution of the signal.

The first order moment of the Wigner distribution with respect to time is
given by

1
E(f)

where ¢¢(f) is the spectral phase (Eq.(2.57)) and 7,(f) is the group delay
(Eq.(2.58)). This result can be verified in a similar way as the derivation of
the relation between the average frequency of the Wigner distribution and
the instantaneous frequency.

() = /t GlRtW{u,u}(t; f)dt = —%afqbf( ) =7f),  (2.90)

Property 5: Time and frequency shifts. An important feature of the
Wigner distribution is that it is covariant to time and frequency shifts. If a
signal is shifted over a time #y or a frequency fo, according to

' (t) = exp(j27 fot)u(t — to), (2.91)

then the Wigner distribution of the time and frequency shifted signal, u'(t),
is given by

W{w' , u'}(t; f) = F7 {exp(i2n(t + L7) fo) u(t —to + 37)
exp(—j2n(t — 37)fo) w'(t —to — 37)}

= [ exp(izaf = for) u(t —to+ 4 (e to— ) dr
TE
= W, ub(e—tos ] ~ o)

The joint time-frequency domain shift properties of the Wigner distribution
are similar to the time and frequency domain shift properties of the Fourier
transformation (cf. Eqgs.(A.10) and (A.11)).

Property 6: Convolution in time and frequency. The Wigner distri-
bution of a product of two Fourier transformed signals can be expressed in
terms of the Wigner distributions of each of the signals, which can be derived
from the convolution property of the Fourier transformation (cf. Eqgs.(A.3)
and (Eq.A.4)). In order to demonstrate this property, we consider a signal

(2.92)
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4(f) that is the product of two Fourier transforms. Let the signal be given

a(f) = a1 (f)aa(f), (2.93)

then the local spectral auto-correlation function of this signal is found as
R{d, a}(v; f) = ta(f + gv)ia(f + 30)a3(f — 52)83(f — 3v)

= R{d, a1 }(v; f)R{t2, G2} (v; f).
The Wigner distribution of this signal can be obtained by taking the inverse
Fourier transformation of R{%, @} (v; f) with respect the frequency-shift vari-

able v. Using Eq.(A.3), we find for the Wigner distribution of the product
of two Fourier transforms

W{u,u}(t; f) = Ff {R{tu, @ }(v; f)R{tip, 42} (v; f)}
:/ W {ug,ur }E'; FYW {uz, ug }(t — #'; £)dt’.
t'elR

(2.94)

(2.95)

A similar relation exists for the Wigner distribution of the product of two
time signals. Let the time signal be given by

'u(t) = U (t)UQ (t), (296)
then instantaneous auto-correlation function of this signal is found as
R{u,u}(t;7) = R{uy,us }(t; 7) R{ug, ug }(t; 7). (2.97)

Taking the Fourier transformation of the instantaneous auto-correlation func-
tion with respect to the time-shift 7 and using Eq.(A.4), the Wigner distri-
bution of the product of two time signal can be expressed as

W{u,ul(t f) = /f o W5 /)W (e, wr} (s — £)af
(2.98)

2.4 Fourier transform relations

In the previous we saw that the generalized time and frequency auto-correlation
functions R{u,u}(¢; 7) and R{4,4}(v; f) are related to the Wigner distribu-
tion by a Fourier transformation with respect to the time and frequency shift
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variables 7 and v (see Eqs.(2.69) and (2.73)). The Fourier dual of the Wigner
distribution is obtained by a double Fourier transformation with respect to
time and frequency.

Alu,u(v;m) = Fy FFAW{u,ult; £)}- (2.99)

The Fourier dual, A{u,u}(v;7), of the Wigner distribution is known as the
ambiguity function. If we consider the Wigner distribution as a joint time-
frequency energy density function, the ambiguity function can be seen as
its associated joint time-frequency correlation function. It is therefore also
known as the correlative dual or characteristic function of the Wigner dis-
tribution. The ambiguity function plays an important role in the theory
of radar detection and matched filtering (Woodward 1953). Its relation with
the Wigner distribution has been acknowledged since long, but has only quite
recently been fully exploited for studying the properties of the Wigner distri-
bution and the design of new time-frequency representations. It is straight-
forward to derive some properties of the ambiguity function by considering
the properties of the Wigner distribution in the Fourier transformed domain.
For instance, the time-frequency shift covariance of the Wigner distribution
(Eq.(2.92)) corresponds to time-frequency shift invariance of the ambiguity
function. A comprehensive list of properties of the ambiguity function is
given by Hlawatsch and Boudreaux-Bartels (1992). The relation between
ambiguity function and Wigner distribution will be the starting point for the
derivation of other time-frequency representations in Chapter 3.

To summarize, we present an overview of the Fourier transform duality
between the Wigner distribution, ambiguity function, instantaneous auto-
correlation and local spectral correlation.

Instantaneous auto-correlation

R{u,u}(t;7) = u(t + 57)u*(t — 7). (2.100a)
Local spectral auto-correlation.

R{a,4}(v; f) = 4(f + dv)a*(f — Lv) (2.100b)
and

R{a, @) (v; f) = Fr F7 {R{u,u}(t;7)}. (2.100¢)
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Wigner distribution

WH{u,u}(t; f) = Fr {R{u,u}(t;7)} (2.100d)
and

Wu,ul(t; f) = F {R{a,a}(v; )} . (2-100e)

Ambiguity function

A{ua u}(’/§ T)=F; {R{uv ub(t;7)}, (2.100f)

A, ul(v;7) = Ff {R{#, a}(v; f)} (2.100g)
and

Alu,ul(v;1) = ]—'t_}"f {W{u,u}(t; £)}. (2.100h)

A graphical illustration of the Fourier transform relations is shown in Fig. 2.5.

2.5 Examples of Wigner distributions and ambiguity functions

In order to gain some insight in the properties of the Wigner distribution, we
derive the Wigner distribution and ambiguity function of two basic signals
for which the analysis can be carried out analytically. The point of departure
is the definition of the instantaneous auto-correlation function of Eq.(2.68),
followed by the definition of the Wigner distribution Eq.(2.69). To obtain
the ambiguity function we use Eq.(2.100e).

Chirp signal
A complex signal with a purely linear frequency modulation (chirp) is repre-
sented by the function

u(t) = exp(j27r%ct2), (2.101)

where ¢ is a real-valued constant. The real part of this signal is shown in
Fig. 2.6. The instantaneous auto-correlation function of this signal is given
by

R{u,u}(t;7) = exp (j27r%c(t + %7)2) exp (—j27r%c(t — %T)Q)

, (2.102)
= exp(j2metT).
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W {u, u}(t; f)
{u

R{u,u}(t;7) " R{a,a}(v; f)

Afu, u}(v;7)

Figure 2.5: Graphical illustration of the Fourier transform relations between the
Wigner distribution, W {u,u}(t; f); ambiguity function, A{u,u}(v;7);
instantaneous auto-correlation function, R{u,u}(t;7); and the local
frequency correlation, R{4,u}(v;f). The arrows indicate a Fourier
transformation with a minus sign in the exponential function, in the
direction of the arrow.
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Figure 2.6: Real part of the chirp signal.
The Wigner distribution of the chirp signal is now found as

W{u,ul(t; f) = F- {exp(j2nctr)} = 6(f — ct). (2.103)
The ambiguity function of the chirp signal is given by

A{u,u}(v; 1) = F; {exp(j2nctt)} = 6(v — 7). (2.104)

The Wigner distribution and the ambiguity function of this signal are shown
in Fig. 2.7, for ¢ = 4000.

Gaussian signal

Consider a signal given by a Gaussian function:
u(t) = Voexp [-no?t?], (2.105)

where o is a real-valued constant. The signal is shown in Fig. 2.8. The
instantaneous auto-correlation of the Gaussian signal is given by

R{u,u}(t;7) = oexp [—27r02t2] exp [_3027—2] . (2.106)
The Wigner distribution is given by

WH{u,u}(t; f) = cexp [—27T02t2] Fr {exp [—g02'rz]}

2] ’ (2.107)

= \/iexp [—27ra2t2 — 27r—2
o
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(2) (b)

Figure 2.7: (a) Wigner distribution and (b) ambiguity function of the chirp signal.

where we have used the known result of the Fourier transform of the Gaussian
function (Bracewell 1978).

The ambiguity function of the Gaussian signal is found by a Fourier trans-
formation of Eq.(2.106) with respect to time,

Afu, ub(vs7) = %exp [-g <0272 + &”;)] . (2.108)

Both functions are shown in Fig. 2.9.

For the signals shown here the localization of energy by the Wigner distri-
bution, closely matches our expectation of what the local power spectrum
of these signal should be like. These signals are called mono-component
because their Wigner distribution is well delineated in a region of the time-
frequency plane. However, for many other signals the Wigner distribution is
often difficult to interpret as a time-frequency energy density function. This
is the result of the property that the Wigner distribution of the sum of two
mono-component signals is not simply the sum of their respective Wigner
distributions. The Wigner distribution maps also values to regions of the
time-frequency plane where the Wigner distributions of both the original sig-
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Figure 2.8: Gaussian signal.

(a) (b)

Figure 2.9: (a) Wigner distribution of the Gaussian signal and (b) ambiguity func-
tion of the Gaussian signal.
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consist of more than one component are called multi-component. The ori-
gin and nature of the cross terms that arise in the Wigner distribution and
ambiguity function of a multi-component signal is the subject of the next
section.

2.6 Cross terms in the Wigner distribution

The cross terms in the Wigner distribution of a multi-component signal find
their origin in the quadratic superposition principle. Consider the signal u(t)
that is sum of two signals; u(t) = ug(t) + u;(¢). The instantaneous auto-
correlation function (Eq.(2.68)) of this sum is given by

R{u,u}(t;7) = u(t + 3w (t — 37) +w(t + i)t

2T 2 (2.109)
+up(t + 57)w" (E— 57) Fu(t + 57)ug" (¢

- 1r)
—1n).
We define the instantaneous cross-correlation function of two functions ug(t)
and w;(t) as

Rug, b (t;7) = up(t + 57w (¢ — §7), (2.110)

The following property of the instantaneous cross-correlation is readily ob-
tained:

Riwg, up}(t;7) = R{ug, w}(t; —7)- (2.111)
The instantaneous auto-correlation of the sum of two signals can now be
written as
R{u,u}(t; 7) =R{ug, ug }(t; 7) + R{w, ui}(t; 7) (2.112)
+R{uk,ul}(t;7) +R{ul,uk}(t;7). |
We now find for the Wigner distribution of the sum of two signals,
W{u, u}(t; f) =W {ug, ue } (& £) + Ww, wl @ f) (2.113)

+ 2Re{W {u, w } }(&; f),

where we have used the property Eq.(2.111) W{ug,w}(¢; f) is the cross-
Wigner distribution of uy(t) and w(t), defined by

W {ug, wi}(t; f) = F7 {R{ug, w } (£ 7)} (2.114)
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As a result of Eq.(2.113), we can now study the cross terms by considering the
cross-Wigner distribution of the individual components. In order to derive
some of the properties of the cross terms, we consider the special case where
the multi-component signal is the sum of two time and frequency-shifted
versions of an elementary signal u(t). The multi-component signal v'(t) is
then given by

w'(t) = ug(t) + w(t) = exp(i2m fit)u(t — i) + exp(i2m fit)u(t — 4;),
(2.115)

where the ¢, t; and f, f; are the time-shifts and frequency-shifts respectively,
with the subscript indicating the component under consideration. Using
the shift property of the Wigner distribution Eq.(2.92), the cross-Wigner
distribution of two time-frequency shifted signal components is found as

W{ur,uz}(; ) = exp(G2m(fat — (f — fm)ta)) W{u,u}(t — tm; f — fm)-
(2.116)

where we have introduced the difference frequency f4 = fr — fi, the difference
time ¢4 = t; — t; and the mid-time and mid-frequency, f, = (fi + fi)/2 and
tm = (tx + t;)/2. The two auto terms are given by

W {ug, ur} = W{u,ul(t — ti; f — fi),
W{w, w} = W{u,up(t —t; f — fi)-

Thus, the cross-Wigner distribution of the time-frequency shifted signals is
equal to the Wigner distribution of the elementary signal u(¢), translated by
the average or mid-time shift ¢,, and the mid-frequency f,,. Further the cross
term shows an oscillatory behaviour determined by ¢4 and f4. In general, the
cross terms in the Wigner distribution of a multi-component signal have the
following properties (Kadambe and Boudreaux-Bartels 1992):

(2.117)

e They occur mid-time mid-frequency on the line connecting the auto
components in the time-frequency plane and

e oscillate at frequencies proportional to the difference time and difference
frequency of the auto terms.

e The direction of the oscillation is orthogonal with respect to the line
connecting the auto components.
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e The amplitude of the auto terms can be twice as large as the product
- of the magnitudes of the Wigner distributions of the two signals under
consideration.

For a signal u(t) = Z,]j:l ug(t), consisting of N components the Wigner
distribution can be written as a combination of auto- and cross-Wigner dis-
tributions of the individual components in the following way (Hlawatsch and
Boudreaux-Bartels 1992):

N N N
Wi, ub(t £) = > Wiu,wd& )+, Y. 2Re{W{ug, w}}( f).
k=1 k=11=1,l#k
(2.118)

As a result, the Wigner distribution of an N component signal comprises N
auto terms and (];7 ) = N(N —1)/2 cross terms.

In order to illustrate the relation between auto terms and cross terms in
the Wigner distribution we derive the Wigner distribution of the sum of two
time-shifted and frequency-shifted Gaussians. A Gaussian signal shifted over
time £ and frequency f} is given by

u(t) = v exp [—w (ot — tk))2] exp(j2n fit). (2.119)

The Wigner distribution of this signal is the Wigner distribution of the Gaus-
sian (Eq.(2.107)), shifted by time ¢; and frequency f:

2
W{u,u}(t; f) = V2exp [—27r ((a(t — 1) + (f—:a-&) )} , (2.120)

where we have used of the time and frequency shift covariance property of
the Wigner distribution (Eq.(2.92)). The cross-Wigner distribution of the
sum of two Gaussians, each shifted over different times and frequencies t, fi
and t;, f; is given by

W {ug, w(t; f) =vV2exp (§27(fat — (f — fm)ta))

exp [—27r ((a(t —tm))? + (f _Ofm)2>] ’ (2.121)




2.6. Cross terms in the Wigner distribution 45
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Figure 2.10: Real part of o signal composed of three time-shifted modulated Gaus-
sians.

where fg and t4 are the difference frequency and time and f,, and t,, are the
mid-frequency and time (cf. Eq.(2.116)).

As an example we show the decomposition of the Wigner distribution into its
auto terms and cross terms for a three-component signal. The signal consists
of three time-frequency shifted Gaussians, where each of the components is
given by Eq.(2.119). The real part of the signal is shown in Fig. 2.10. In
Fig. 2.11 the Wigner distribution and the decomposition into auto terms and
cross terms of this signal is shown. The auto terms are given by the sum of
the Wigner distribution of the components, the cross terms can be found by
taking twice the sum of the real parts of the cross-Wigner distributions of
the components.

The example shows that the auto terms give an easily interpretable picture of
the time-frequency structure of the signal. The more complicated structure
of the cross terms will seriously hamper the interpretation of the Wigner
distribution of a multi-component signal. In particular where the cross terms
interfere with the auto terms, as in this example is the case for the component
located midway between two other components in the ¢ — f plane. In this
example we could easily separate the auto terms and cross terms because we
know how the signal can be decomposed into elementary signals. However,
in most practical situations we do not know the individual components of
the signal. It is therefore not always possible to distinguish between auto
terms and cross terms in the Wigner distribution. Moreover, for a signal
with many components, the cross terms and auto terms will always have
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Figure 2.11: Wigner distribution of three time-shifted and modulated Gaussians;
(a) Wigner distribution, (b) auto terms and (c) cross terms.
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significant overlap. In order to suppress the cross terms we first have to
find a way to distinguish auto terms from cross terms. For that reason we
will study the relation between auto terms and cross terms in the ambiguity
function in the next section.

2.7 Cross terms in the ambiguity function

The ambiguity function of the sum w(t) of two signals ug(t) and w(t) is
given by the Fourier transform with respect to time ¢ of the instantaneous
auto-correlation function of the signal (Eq.(2.112)),

Afug + wpyup + (v 7) = Alug, up b (05 7) + Afug, u}(v;7)

(2.122)
+ A{ug, w H(v; 1) + A{ug, ug H(v; 7).
Using the property Eq.(2.111), we can also write
Aug + up, ug + w p(v; 1) = Alug, ue Hv; 1) + A{ug, wit(v; 1) (2.123)

+ A{ug,ui}(v; 1) + A {ug, w H—v; —7).

where A{ug,u}(v;7) is the cross-ambiguity function of ui(t) and wu(t), de-
fined as

Afug, w}(v;7) = F; {R{ug, wi}(t;7)} . (2.124)

For the ambiguity function of a linear combination of mono-component sig-
nals the derivation of the domain allocation is similar to that for the Wigner
distribution. Consider a combination of two elementary signals that are
shifted in time and frequency:

W' () = up(t) +w(t) = exp(2m frt)u(t — tx) + exp(i2n fit)u(t — t;).
(2.125)

The ambiguity function of one time-frequency shifted elementary signal is
Afug, up H(v; 1) = exp(2n(fem — tev)) A{u,u}(v; 1), (2.126)

which is the ambiguity function of the original signal modulated proportion-
ally to the time-shift and frequency-shift. Hence, the auto terms of a signal
u consisting of N time-frequency shifted components are given by:

N

A{w,ul(v;7) = A{ug, up}(v; 7) exp(2r(frm — tgv)). (2.127)
k=1
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The cross terms in the ambiguity function of the signal are given by the
last term of Eq.(2.123), which is the cross-ambiguity function of the two
components. The cross-ambiguity function of two time-frequency shifted
signals is given by

Afug, u}(v;7) = exp(27 (fin — (v — fa)tm) Ay, ut(v — fa; 7 — ta)-
(2.128)

where we have introduced the difference frequency fg = fx — fi, the difference
time t4y = tx — ¢; and the mid-frequency and mid-time f, = (fx + f1)/2 and
tm = (tx +t)/2.

The cross terms in the ambiguity function of a signal that is the sum of time-
frequency shifted elementary signals are given by the ambiguity function of
the elementary signal, shifted over the distance in time, ¢4 and frequency,
fa, between the components and modulated by the mean time, ¢,, and mean
frequency, fm,. As a result the ambiguity function of a signal consisting of N
time-frequency shifted components is given by

N
A{u,u}(;7) = A{ug, we}(v; ) exp(i2m(fir — tyv))
k=1
N N
+3° Y Afw,wdv - £ 7 — ) exp(i2n(faiT — (v = £5)t0)
k=11=1,k#l
N N
+ Z Z A{ulauk}(V - ftllk,T - tfik) exp(j27r( #?T - (V - ék)tgvlg)L
k=11=1k#l

(2.129)

where the superscripts denote the components under consideration, e.g. (’fl =
fx — fi- From Eq.(2.129), we conclude that the auto terms of in the Wigner
distribution transform to a region around the origin, while cross terms will be
located further away from the origin than auto terms. The distance between
the auto terms and the cross terms in the ambiguity plane is proportional
to the (t, f)-distance of the components that generate the cross term. In
order to demonstrate this, we show the ambiguity function of the same signal
that was used to illustrate the cross term relations in the Wigner distribution
(Fig. 2.10). This signal is the sum of three time-shifted modulated Gaussians
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(Eq.(2.119)). The ambiguity function of a (¢, f)-shifted Gaussian signal, u ()
is the ambiguity function of a Gaussian (Eq.(2.108)), modulated by the time-
shift ¢; and frequency-shift fi:

A7) = o explize(fir — ) exp [ -5 (@07 + (2)7)].

g

(2.130)

Using Eq.(2.128), we have for the cross-ambiguity function of two time-
frequency shifted Gaussians u(t) and wu;(t)

Afug, w) (v;7) =% exp(i27(frT — (v — fa)tm)

PR (2.131)
exp [-g ((a(r—td»? + ( de) )} :

where t,,, is the mean time-shift, f,, is the mean frequency-shift and ¢; and
fa are the difference in time-delay and frequency-shift of the Gaussians. The
ambiguity function of a signal consisting of three modulated Gaussians is
shown in Fig. 2.12, together with the sum of the ambiguity function of the
components and the sum of their cross-ambiguity functions. Because the
ambiguity function is a complex-valued function we show its absolute value,
|A{u,u}(v;7)|, also referred to as the ambiguity surface.

The property that in the ambiguity function a cross term will always be
shifted away from the auto terms of the components generating the cross
term, can be exploited for suppression of the cross terms. The cross terms
in the Wigner distribution can be suppressed by zeroing the portion of the
ambiguity function that contains cross term energy. This is essentially the
application of a two-dimensional low-pass window on the ambiguity func-
tion. The time-frequency representation with reduced cross terms is then
found by a two-dimensional Fourier transformation of the windowed ambi-
guity function. However, this windowing operation will have its effects on
the properties of the resulting time-frequency representation. The choice of a
window in the ambiguity domain and how the window affects the properties
of the time-frequency representation is the subject of the next chapter.
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(a) Auto terms
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Figure 2.12: Modulus of the ambiguity function of three time-shifted and modulated
Gaussian; (a) ambiguity function, (b) auto terms and (c) cross terms.




Chapter 3

General Class of joint
Time-Frequency Representations

3.1 Introduction

The mathematical properties of the Wigner distribution make it an attrac-
tive function for the time-frequency representation of a signal. However, the
Wigner distribution often peaks in regions of the time-frequency plane that
do not correspond to our intuitive notion of the time-frequency structure of
the signal under analysis. These regions were identified as the cross terms.
In case we have a multi-component signal, such as a seismic recording, the
interference by the cross terms may seriously hamper the interpretation of
the Wigner distribution as a time-frequency energy density function. In this
chapter an approach for the suppression of these cross terms will be devel-
oped. The main application of time-frequency analysis in this thesis will be
the extraction of seismic attributes from the time-frequency representation
of the signal. For that reason we may want to retain some of the mathemat-
ical properties of the Wigner distribution, such as the marginals and local
averages, in the time-frequency representation. '

First, a general class of time-frequency representations will be defined. The
parameterization of this general class allows an effective approach to deter-

51
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|

mine the properties of a time-frequency representation. The properties of
the time-frequency representations in the general class will be discussed in
relation to the properties that were derived for the Wigner distribution in
Chapter 2.

In the second part of this chapter we will discuss some time-frequency repre-
sentations from the general class in more detail. Most of these time-frequency
representations have been proposed because they combine the property of
reduced cross term interference for certain types of signals and a number of
other desirable properties. The formulation of the cross term suppression as
an optimization problem has proven to be very effective (Baraniuk and Jones
1993a, 1993b). In the last part of this chapter we will discuss this approach.

3.2 The general class of joint time-frequency representations

In the previous chapter it was shown that in order to reduce the interference
by cross terms in the Wigner distribution, the application of a low pass
window to the ambiguity function may be an effective approach.

A time-frequency representation, P{u,u}(¢; f), is related to its characteristic
function, M(v;7), by a Fourier transformation with respect to the correla-
tion variables v and 7 (cf. Section 2.2.1). The characteristic function of the
Wigner distribution is the ambiguity function (Eq.(2.100h)). The applica-
tion of a filter on the ambiguity function results in a new time-frequency
representation, given by

Plu,u}(t; f) = Ff Fy {M(v;7)}, (3.1)
where M(v;7) is the weighted ambiguity function, i.e.
M(v;7) = 9" (v; 1) A{u, u}(v; 7). (3.2)

We conclude that for ¥¥7(v; 7) equal to the identity operator, P{u,u}(t; f) is
equal to the Wigner distribution. This follows from the inverse of the Fourier
transformation defined in Eq.(2.100h). Since the ambiguity function is
Fourier transform related to the instantaneous auto-correlation R{u, u}(t; 7);
the local spectral correlation R{%,4}(v; f); and the Wigner distribution
W {u,u}(t; f), the transform equivalents of ¥ act as convolutional filters
on the Fourier duals. The representation of these filters follow from the set
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of Fourier transformations in Egs.(2.100f)-(2.100h) and are given by

U (t;7) = Ff {97 (v; 1)}, (3.3)

U (s f) = F7 {87 (vs 1)}, (3.4)
and

U (t; ) = FFF7 {87 (vs7)} (3.5)

In addition, we can deduce from the Fourier transformations of the Wigner
distribution, defined in Eqgs.(2.100d) and (2.100e), the relations

v () = Ff {06} (3.6)
and
vl f) = 7 {w s 0} (3.7)

A graphical illustration of the Fourier transform relations is given in Fig. 3.1.

From these relations we deduce the following convolutional operations in the
different domains leading to the same representation P{u,u}(¢; f). Starting
in the time and frequency auto-correlation domain we have

Plu,ul(t; f) = Fr {/t’elR Wi (¢t — t’;T)R{u,u}(t';T)dt'} (3.8)
and

Pl ) =7 { |

F'ER

IS - RGBT (39)
In the time-frequency domain we have

Pluupsf) = [ [ 0= tif = W s paear
(3.10)

The general class of time-frequency representations was first formulated by
Cohen (1966) in a quantum-mechanical context. It is also referred to as
Cohen’s class of time-frequency representations. In time-frequency analysis
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U (t; f)

(5 7) v (v; f)

U (v T)

Figure 3.1: Graphical illustration of the Fourier transform relations between the
weight function ¥ in the various domains. The arrows indicate a
Fourier transformation with a negative sign in the exponential, in the
direction of the the arrow. (cf. Fig. 2.5).

literature, the filter ¥*7, is referred to as the kernel of the time-frequency
representation (Claasen and Mecklenbriuker 1980).

Evaluation of the kernel function ¥*” is an effective way to derive the prop-
erties of time-frequency representation that is associated with a particular
kernel. In Chapter 2 some of the properties of the Wigner distribution were
derived. Whether a time-frequency representation from the general class
satisfies one of these properties depends on the kernel. An effective way to
obtain a time-frequency representation with a certain property is to constrain
the kernel function in such a way that the property is satisfied. The proper-
ties of the time-frequency representations are therefore expressed in terms of
constraints on the kernel. In the next section we will discuss some properties
in the light of the corresponding kernel constraints.

o
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3.3 Constraints on the kernel

The properties of a Cohen’s class time-frequency representation can be ex-
pressed as a set of constraints on the kernel function. In this section we will
derive these constraints for some of the properties of the Wigner distribution
that were derived in Chapter 2.

Property 1. Realness. From the representation of the A{u,u}(v;7) as
shown in Eq.(2.100h) and the property that W{u,u}(t; f) is real, it follows
that

A {u, ul(—v; —71) = A{u,u}(v; 7). (3.11)
If we require that M{u,u}(v;7) conserves this property, i.e.

M*{u,u}(—v;—7) = M{u,u}(v;1), (3.12)
the kernel function ¥¥7 is constrained in the same way,

(O (—v;—7))" =07 (v; 7). (3.13)

Property 2. Energy and marginals. The total energy of the time-
frequency representation P{u,u}(¢; f) is given by

/ / Plu,u}(t; f)ded f =M{u, u}(0,0)
teIR felR
— 077 (0, 0) A{u, u}(0,0).

If we want the total energy to be equal to the energy of the signal, then we

(3.14)

require
TY7(0,0) = 1, (3.15)
where we have used the property Eq.(2.82) of the Wigner distribution.

Integration of the Wigner distribution over frequency yields the instantaneous
energy (cf. Eq.(2.80)). This property is referred to as the time marginal
property.

If we want to retain this property in a representation from the general class,
we require that

| Plwuenar = e (3.16)
felr
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On the other hand, using the representation of Eq.(3.1), for P{u,u}(¢; f), we
can write

/ P{u,u}(t; f)df = FF {87 (v;0)A{u, u}(v; 0)dv} . (3.17)
ferR

Next, using the expression of Eq.(2.100f) for A{u,u}(v;0) in Eq.(3.17) we
arrive at

/f - Plu,u}(t; f)df = Ff { /t n U (v;0) R{u, u}(t';o)dt/},

(3.18)
From Eq.(3.18) we conclude that if
YT (v;0) =1, for v € IR, (3.19)
then Eq.(3.18) reduces to
[ Pluws = Ruw o) = o (3.20)
fER
Consequently, the marginal property of Eq.(3.16) is satisfied.
In a similar way, requiring the frequency marginal property
| Pl =1upP (3.21)
telR
leads to the condition
v"7(0,7) =1, for 7 € IR. (3.22)

Note that if either the time marginal and frequency marginal properties are
satisfied, then we have also preserved the total energy, since ¥*7(0,0) = 1.

Further, we conclude from the expression for ¥"(t;7) that is given by
Eq.(3.3), using the result of Eq.(3.19), that

lim $'7(t; 1) = / exp(j2nvt)dy = () (3.23)
v—0 velR

and by the same line of reasoning, using the expression for ¥*/(v; f) of
Eq.(3.4) and the result of Eq.(3.22), we obtain

l%i_n)r(l] (s f) = / exp(—j2n fr)dr = 6(f). (3.24)

T€IR
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From Eqgs.(3.23) and (3.24) and Egs.(3.6) and (3.7) we derive the integral
constraints for Ut/ (¢; ), also recognized by Janssen (1984),

/ V¥ (t; F)df = 6(t) (3.25)
felr
and
[ v =, (3.26)
tclR

From these we can conclude that the marginal preserving filter Wt/ (¢; f)
cannot be the Wigner distribution of any function, say v(t), because in that
case we would have [v(t)|* = §(t) and |6(f)|? = 6(f). These conditions are
mutually exclusive and hence the result.

In case the marginal properties are to be satisfied, kernel functions of the
product type,

O (v: 1) = B (u7), (3.27)

are of interest, because they also preserve many other desirable properties
of the Wigner distribution. The marginal property is preserved with the
constraint

lim &7 (v71) =1, (3.28)

720

from which also follows that

lim &7 (v7) = 1. (3.29)

v—0

From the condition on realness of the time-frequency representation, i.e.
(U7 (v;7))* = ¥¥"(—v; —7), it follows directly that the product kernel ®(v1)
is real-valued.

In the local auto-correlation domain, the marginal preserving product kernel
takes the form

U (1) = %@” (;) , (3.30)
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with the condition that

lim ~ ! (3> = §(t), (3.31)

=0T T

which is recognized as the generating sequence of generalized functions for
the Dirac function, provided that

t
lim @' (—) =0, fort€ IR (3.32)
T7—0 T
and
lim i (;) =0, for 7 € IR. (3.33)
....)

Property 3. Local averages. The average frequency as a function of
time of the Wigner distribution is the derivative of the temporal phase of
the signal. For an analytic signal the derivative of the temporal phase is
the instantaneous frequency. The average frequency with time, (f),, of the
time-frequency representation, P{u,u}(t; f), is given by

= Bl Jemd Plu ) s
t— {fo]t B ffEIR P{u7u}(t§f)df'

Using Eq.(3.8) and the differentiation property (A.12) of the Fourier trans-
formation, we can write

(3.34)

1
1 - 3 tT _ 4. ' !
[f ]t =%or 71_1_1)% 0 e U (t —t';7)R{u,u}(t';7)dt
1 lim T (¢t — ¢ 1), R{u, u}(t'; 7)dt’ (3.35)

j27r T7—0 HelR

1 . , . , ,
+JET—71'1—I>I(1) YcIR R{uvu}(t,T)aT\Il (t_t77')dt.

For [f°],, which is the time marginal of P{u,u}(t; f), we have in the local
auto-correlation domain

[£°], = lim T (t — ;1) R{u, u(t'; 7)dt. (3.36)
7—0 tlelR

o
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With Egs.(3.2) and (3.3) we write for Eq.(3.35) in terms of the characteristic
function as

[fl]t S lim Ff {9 (v; 7)0; A{u,u}(v;7)}

j2m T—>0

+ 32_ hm Ff{A{u,u}(v; 7)0, 0" (v;7)} .

(3.37)

We see that if we want to retain the local average frequency of the Wigner
distribution (cf. Eqgs.(2.83)-(2.89)), we must require that

lim U7 (v;7) =1 forv € IR, (3.38)

70

which is the constraint for the frequency marginal property, and also
lim 8, 9" (v;7) =0 for v € IR. (3.39)
70

Note that for the product kernel ¥¥7(v;7) = ®7(v7) this is always the case.

The average time as a function of frequency, (¢), can be found by a similar
derivation. For the Wigner distribution, (¢); is equal to the group delay 7,(f)
of the signal (see Eq.(2.90)). In case we want to obtain the group delay as
the average time of the time-frequency representation, i.e.

'],
%]

we require the time marginal property

)y = = 14(f), (3.40)

liII(l] U (y;7) =1, for 7 € IR, (3.41)
v—
in combination with the constraint

lim 9,9"" (v;7) =0, for v € IR. (3.42)

v—0
Property 4. Non-negativity. It is tempting to interpret a time-frequency
representation as a time-frequency energy density function. However a proper
energy density should be strictly non-negative and real-valued as there is no
physical interpretation for negative or complex-valued energy. The constraint
that results in a real valued time-frequency representation was discussed pre-
viously (see Eq.(3.13)). The Wigner distribution attains negative values for
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most signals. The only signal, other than the time and frequency delta func-
tions, with a non-negative Wigner distribution is given by (Hudson 1974)

2
u(t) = exp (j2n(3ct® + fit)) Vo exp [—W (t ;to) ] ‘ (3.43)

The signal of Eq.(3.43) can be characterized as a modulated Gaussian chirp
signal, where fo, ¢, and o are real valued constants that represent the mod-
ulation frequency, chirp rate and standard deviation of the Gaussian respec-
tively. This type of signal is nowadays often denoted as a ‘chirplet’. In Chap-
ter 2 the Wigner distributions of a Gaussian (Eq.(2.107)) and chirp signal
(Eq.(2.103)) were given. These Wigner distributions were both non-negative
and as a result the Wigner distribution of their product will also be a non-
negative function, as can be derived from the product property Eq.(2.93).
Since these are the only signals with a non-negative Wigner distribution, the
question arises if there is a subclass of time-frequency representations that
are non-negative for every signal. Equation (3.2) expresses the Cohen’s class
time-frequency representation as an averaging of the Wigner distribution over
the time-frequency plane. This results in a non-negative representation, if
the kernel U/ (t; f) is also Wigner distribution. Note that in that case the
marginal property cannot be satisfied, as we concluded from Eqgs.(3.25) and
(3.26) that the marginal preserving kernel can never be a Wigner distribu-
tion. If we take for the kernel W/ (t; f) the Wigner distribution of a function
v(t), the smoothing can be expressed as

Plu,ul(t; f) = W{v,0}(t =t f = ) ‘
t'elR Jf'eR (3.44)

W {u,u}(t; f)dt'df’ >0, for (¢, f) € IR
Although this may seem a remarkable result, it is less so. This can be under-
stood if we substitute the definition of the Wigner distribution into Eq.(3.44).
We then express the averaging in terms of the instantaneous auto-correlation
function R{u,u}(t;7) as

Plu,u}(t; f) = F; {/t'elR R{v,v}(t —t; T)R{u,u}(t';T)dt'} . (3.45)

We now define, t” = ¢'+37and 7' = ¢/ —%7’, which entails that d¢’dr’ = dt'dr.
Inserting these new variables and with the definition of the instantaneous
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auto-correlation function (Eq.(2.68)) we find

P{u,u}(t; f) =F7 {v(t — 7 )u*(7") } Fou {v*(t — t")u(t")dt"}

3.46
= |F7 {o*(t — T)ulr)dr}|?. (3.46)

This result shows that smoothing the Wigner distribution of v with the
Wigner distribution W{v,v}(t; f) is equivalent to the spectrogram (the
squared modulus of the sliding-window Fourier transformation) of the func-
tion u, evaluated with a window function, w(t) = v*(—t) (see Egs.(2.52)-
(2.54)). Since the spectrogram is a non-negative function by definition,
smoothing a Wigner distribution with another Wigner distribution will al-
ways yield a non-negative time-frequency representation. The kernel that
generates a positive time-frequency is then the ambiguity function of the
smoothing function v,

U (v; 1) = A{v,v}(v; 7). (3.47)

If we consider Eq.(3.46) in relation to a spectrogram with window function
w(t), we conclude that the kernel that generates the spectrogram is given by

U (v;7) = A{w, w}(-v;7), (3.48)

which is the ambiguity function of w*(—t). We also conclude that the spec-
trogram cannot satisfy the marginal property for any window function w(t),
which is once again a consequence of the result that a kernel that preserves
the marginals can never be a Wigner distribution (see Egs.(3.25) and (3.26)).

Although we can obtain non-negative time-frequency representations through
a suitable average of the Wigner distribution, we are not able to define a
general class time-frequency representation that is a proper energy density
function. A proper energy density is not only real-valued and positive but
satisfies the time marginal and frequency marginal property as well, which
is impossible for any window function v(t). How to obtain a non-negative
‘time-frequency representation with correct marginals is still largely an unan-
swered question. In Section 2.2.1 that non-negativity of the time-frequency
representation can be only be guaranteed if the representation depends on
the signal. However, in that case we do not know how this signal dependence
should be brought into the representation.
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Property 5. Reduced cross term interference. Animportant reason for
deriving time-frequency representations that are different from the Wigner
distribution is that we want less, and ideally no, cross term energy in the
representation.

The maximum energy of the ambiguity function is found at the origin, which
can be derived as follows. Using Eq.(2.100e), we can write

|A{u, u}(v;7)? = | F7 {R{u, u}(t; 1)} (3.49)

For the right-hand side of Eq.(3.49), we have the following inequality:
[ R ubsn} < [ lexp(—j2mvt)Ru u ()] de
teR

(3.50)
- / |R{u, u}(t;7)| dt.
telR
Now we insert the definition of the instantaneous auto-correlation function,
Eq.(2.68), into the right-hand side of Eq.(3.50) and obtain

/;elR |R{u,u}(t;7)| dt = /telR |u(t + 1wt - 1r)| dt
1 (3.51)

1
< [/ |u(t+%7)|2dt]2 U |u(t — 37)|" dt ?
teiR teIR

where we have used Holders inequality. Hence, by changing variables we have

|77 {R{u,ub(t; )} < / ) 2 dt, (3.52)

el

which results in the inequality
|A{u, u}(v; 7)| < Ey = A{u,u}(0,0), for (v,7) € R%. (3.53)

The analysis of auto terms and cross terms in the ambiguity function showed
that the auto terms will be concentrated near the origin of the (v, 7)-plane
and the cross terms will generally be located away from the origin (see Section
2.7). Consequently, the sum of the auto terms of a signal will always have
its maximum energy at the origin. To preserve the auto term energy in the
time-frequency representation, we should choose a kernel that is peaked at
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the origin. The properties of the cross terms are determined by the signal
components that generate them. As such, their location in the ambiguity
function strongly depends on the signal under analysis. However, a cross
term is always located away from the two auto terms that generated the
cross term. From the analysis in Sections 2.6 and 2.7 it was concluded that
amount of shift is approximately the time-frequency distance (tg4, f4) between
the location of the two auto terms in the time-frequency plane. Hence, we
will reduce the cross term energy in the time-frequency representation if

U (v 1) << 1, for (v,7) = (fg,tq)- (3.54)

Because the exact location of auto terms and cross terms in the ambiguity
function depends on the signal, it is not possible to achieve a strong reduc-
tion of cross terms for different signal types, using one type of kernel. An
optimal suppression of the cross terms for a wide variety of signals can only
be achieved by adapting the kernel to the signal. A kernel that does not
depend on the signal is called a fixed kernel. Most time-frequency represen-
tations that have been proposed are fixed kernel representations. Their main
advantage over a signal dependent kernel is that numerical implementation is
rather straightforward. Furthermore, a kernel does not explicitly depend on
the signal results in the same time-frequency representation for each signal
that is analyzed. This greatly facilitates the comparison between signals and
further calculations with the time-frequency representations.

First, we will give some examples of fixed kernel representations in the next
section. In the last part of this chapter we will discuss a signal-dependent
time-frequency representation. The signal dependent kernel is found by for-
mulating the reduction of cross terms as an optimization problem.

3.4 Examples of time-frequency representations with a fixed ker-
nel

In the previous sections we saw that the kernel formulation is an effective
way to find a time-frequency representation that satisfies certain properties.
However, none of the representations of the general class satisfies all these
properties. If we consider all properties equally important, then the Wigner
distribution comes close to the ideal time-frequency representation. A major
drawback of the Wigner distribution is that it is often difficult to interpret
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because of the cross terms at locations in the time-frequency plane where
no energy is expected. Furthermore, the Wigner distribution is manifestly
negative for most signals, which prohibits the interpretation of the Wigner
distribution as a proper energy density function. This negativity is closely
related to the marginal property. Non-negativity and correct marginals are
mutually exclusive properties for a time-frequency representation of the bi-
linear type. Consequently, if we require a certain property to be satisfied
by a time-frequency representation, this usually results in discarding another
property. The fixed kernel representations discussed here, all suffer from this
trade-off. They do, however, perform very well in many situations, which
is the reason why they were proposed in the first place and why they are
discussed here. In this section we will introduce the kernels and show an
example of their numerical implementation. In Chapter 4, their merits for
the analysis of seismic data will be evaluated.

For the numerical examples, a signal consisting of two modulated Gaussian
signals will be used. The signal, u(t) = uy(¢) + uz(t), is given by

2
u(t) = exp [—’/T ((t;—lt1)> ] exp (j2m(f1 + at)t) +

2
exp [—w (%) ] exp(j2x fat).

The real and imaginary parts of this signal are shown in Fig. 3.2. In the
example, u(t) has been given the constants t; = 0.5 [s], fi =5 [s7!], a =
30 [s2], o1 = 1.0 and for ug(t) we have taken ¢5 = 0.75 [s], fo = 10 [s!] and
oo = 0.33. The signal has been discretized for a time length of 1 [s], using
128 samples.

(3.55)

The signal of Eq.(3.55) is an analytic signal. In the sense of the definition of
an analytic signal that was given in Section 2.2.3, the spectrum of an analytic
signal is zero for negative frequencies. Because there is no energy at negative
frequencies, no cross terms will be generated between negative and positive
frequency part of the spectrum of the signal.

3.4.1 Pseudo Wigner distribution

The pseudo Wigner distribution is the Wigner distribution, evaluated over a

finite time-shift window w(7) (Claasen and Mecklenbrauker 1980). In terms
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Im{u(t)}
| Refu(®)}

Figure 3.2: Signal composed of two modulated Gaussians (Eq.(3.55))

of the instantaneous auto-correlation the pseudo Wigner distribution is given
by

Plu,u}(t; f) = Fr {w(r)R{u, u}(t; 1)}, (3.56)

where w(7) is a real and symmetric window function. In terms of the general
class of time-frequency representations, the pseudo Wigner distribution is
obtained by taking

U7 (t;7) = w(r), for t € IR. (3.57)

Since the window function is real-valued and symmetric, we have w(r) =
w(—7) and the pseudo Wigner distribution is real-valued as well. If we also
take, w(0) = 1 and lim,0d,w(r) = 0, we see that the pseudo Wigner
distribution satisfies the time marginal property and that the mean time (t) ¢
is the group delay of the signal.

In a numerical implementation, the closest approximation to the Wigner
distribution is a pseudo Wigner distribution with w(7) a box-car window of
the same duration as the signal. In Fig. 3.3a the pseudo Wigner distribution
of the signal of Eq.(3.55) is shown. The window that was used is a box-car
window given by

)1 for || <t
w(r) = { 0 for|7| >ty ’ (3.58)
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Plu,u}(t; f) & |M{u, u}(;7)|

(2) (b)

Figure 3.3: (a) Pseudo Wigner distribution of the signal given by Eq.(3.55) ob-
tained with the boz-car window Eq.(3.58); (b) modulus of the charac-
teristic function (ambiguity function).

where to = 1 [s]; the time length of the discrete signal. For this window, the
time-frequency representation is a numerical approximation of a Wigner dis-
tribution that is discrete in time and continuous in frequency. The frequency
marginal and instantaneous frequency properties of the Wigner distribution
will therefore be satisfied. However, these properties should be considered
in the context of the discretization of the time signal and the associated
numerical approximation.

The characteristic function that corresponds to the time-frequency repre-
sentation is shown in Fig. 3.3b. For this window choice, the characteristic
function is the ambiguity function of the signal, as we have U*"(v;7) = 1
(cf. Eq.(3.2)). The figure illustrates the domain allocation of cross terms and
auto terms. In the time-frequency representation the cross terms are located
between the auto terms. In the characteristic function the auto terms are
located near the origin, where they overlap. The cross terms are located
away from the origin. The window w(7) can be used for the suppression of
cross terms between components of the signal that are separated in time. A
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|M {u,u}(v;7)|

t [s] | 0

(a) (b)

Figure 3.4: (a) Pseudo Wigner distribution of the signal given by Eq.(3.55) ob-
tained with o Gaussian shaped window, (b) characteristic function.

window that emphasizes the auto-correlation for small time shifts, effectively
removes the cross terms between signal components that are spaced further
apart that the length of the window. Figure 3.4a shows the pseudo Wigner
evaluated with the Gaussian shaped window; w(r) = exp(—2772). In the
characteristic function (Fig. 3.4b) we see that the filter ¥¥7(v; 1) weights
the ambiguity function in the time-shift (7) direction. Consequently, cross
term energy that results from the time separation of the components will be
suppressed. However, the cross terms between the frequency locations of the
two components remains largely unaffected. The use of a window different
from the box-car given by Eq.(3.58), implies a smoothing in the frequency di-
rection of the time-frequency representation. Hence, the frequency marginal
and instantaneous frequency properties will not be satisfied for this window.

3.4.2 Choi-Williams distribution

The ambiguity domain kernel of the exponential distribution is given by

U7 (13 7) = exp [— (E)Q] . (3.59)
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This kernel was introduced by Choi and Williams (Choi and Williams
1989) and the associated time-frequency representation is therefore nowa-
days known as the Choi-Williams representation. The Choi-Williams kernel
is a product kernel, and it has all the properties of the general form of product
kernel that was given in Eqgs.(3.27)-(3.29). Consequently, the Choi-Williams
representation satisfies the marginal properties and its local time and fre-
quency averages are the group delay instantaneous frequency of the signal.

With Eq.(3.3), the Choi-Williams kernel in the instantaneous auto-
correlation domain is found as

UI\T/lE exp [— (’%‘t)j (3.60)

and using Eq.(3.3), we find the expression of the Choi-Williams time-
frequency representation

U (t; 1) =

P{u,u}(t; f) =
_ o\T ro(t —t')\? o (3.61)
F; {-/t’elR = exp [— (—T—> ] R{u,u}(t';7)dt } .

The general shape of the Choi-Williams kernel in the ambiguity domain and
(t,7)-domain, is shown in Fig. 3.5. The shape of the kernel in the ambiguity
domain suppresses energy that is located away from the v =0 and 7 =0
axes, with the parameter o determining the degree of suppression. This
shape makes it an effective kernel for the cross term suppression for signals
with auto term energy that is localized parallel and close to the zero axes in
the (v, 7)-domain, such as sinusoidal and impulse-like signals. For o — oo,
the Choi-Williams distribution becomes the Wigner distribution. The Choi-
Williams distribution of the signal according to Eq.(3.55) is shown in Fig.
3.6.

The representation has considerably less cross term energy compared to the
pseudo Wigner distribution (Fig. 3.4). However, the auto term energy of
the first component (u;(¢) in Eq.(3.55)) is smeared out over the (¢, f)-plane.
Since this component is located away from the axes in the (v, 7)-domain, the
kernel also suppresses auto term energy that belongs to this component.
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Figure 3.5: General shape of the Choi-Williams kernel (Eq.3.59)); (a) (v,7)-
domain, (b) (t,7)-domain.

P{u,u}(t; f) | M {u, u}(v;T)]

(a) (b)

Figure 3.6: (a) Choi-Williams representation of the signal given by Eq.(3.55), (b)
characteristic function.
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3.4.3 Cone-kernel representation

The cone kernel was first introduced by Zhao, Atlas, and Marks (Zhao et al.
1990) and the associated time-frequency representation is also known as the
Zhao, Atlas, Marks (ZAM) time-frequency representation. The cone kernel
in the (v, 7)-domain is given by

sin(2wavT)

U (v;7) = w(r)|7| , (3.62)

2ravT
where w(7) is a real and symmetric window function and a is a dimension-less
constant. Using Eq.(3.3), we find for the cone kernel in the instantaneous
auto-correlation domain

U (¢ 7) = w(r)F, {EM} = w(T)M (3.63)

2ravT 2a ’

where II(t/2a|7|) is a box-car function, given by

1 for [t < a|7|

0 for |t| > alr| (3:64)

1I(t/2al7]) = {

Hence, following the previous definitions (Eqgs.(3.8) and (3.64)), we can ex-
press the cone kernel time-frequency representation as

oty -8
P{u,u}(t; f) :.7-}_{ ( )/ R{u,u}(t';7) dt’}. (3.65)

2a &l
=5

Generally, a = 1/2 is chosen, because in that case the time-frequency repre-
sentation the time-frequency representation has no energy outside the time
support of the signal, i.e. if u(t) = 0 for ¢ > fp, then we also have
P{u,u}(t; f) = 0 for t > to . The general shape of this kernel in the ambigu-
ity and instantaneous auto-correlation domain is shown in Fig. 3.7. For the
window function w(7) a Gaussian has been used. An important feature of
this kernel is that U7 (r;0) = 0. As a result impulse like signal components
will be suppressed in the time-frequency representation. An analysis of the
properties of the cone kernel is given by Oh and Marks (1992). Figure 3.8
shows the cone-kernel time-frequency representation for the signal Eq.(3.55).
The cross terms are greatly reduced. However, the component with a lin-
early increasing frequency is smeared out over time and frequency, as it is
not parallel to the time axis.
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Figure 3.7: General shape of the cone
(t, 7)-domain.
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Figure 3.8: Cone-kernel (t, f)-representation of the signal given by Eq.(3.55), (b)

characteristic function.



72 3. GENERAL CLASS OF JOINT TIME-FREQUENCY REPRESENTATIONS

3.4.4 Spectrogram

The spectrogram is the quadratic form of the sliding-window Fourier trans-
form of a signal. The sliding-window Fourier transformation and spectrogram
were previously discussed in Section (2.2.2) and in the previous section in the
context of the general class of time-frequency representations. If we apply a
short window around every time t and take the Fourier transformation of the
windowed portion of data we obtain an estimate of the Fourier spectrum for
every time ¢ (see Eqs.(2.52)-(2.54)). We can estimate a local energy density
spectrum as the square of the short time Fourier transform for every time ¢.
The result is a time-frequency representation, known as the spectrogram,

P{u,u}(t; f) = |F7 {u(r)w(r —t)}| (3.66)

The kernel of the spectrogram was given by Eq.(3.48). Using Eq.(3.48) for
the spectrogram kernel in the ambiguity domain, an expression for the spec-
trogram in terms of the general class of time-frequency representations is
found as

Plu,u}(t; f) = FJ F {A{w,wH(-v; 1) A{u, u}(v;7)} (3.67)

where A{w,w}(v;7) is the ambiguity function of the window. The spectro-
gram satisfies the total energy condition if the energy of the window is taken
to one, because in that case we have ¥*7(0;0) = 1. The spectrogram kernel
never satisfies both marginal constraints, as was shown in the previous sec-
tion. The resolution of the spectrogram strongly depends on the size of the
window. If a short window is chosen, the Fourier transform is taken over a
signal of short duration and the result will contain little information on the
spectral properties of the signal. For longer windows we will have less time
information in our representation. The relation between window size and
resolution properties of the spectrogram is an expression of the uncertainty
principle, that states that the duration and bandwidth of a window w(t)
cannot be chosen independently. The uncertainty principle was discussed in
Section 2.2.1 and is this trade-off between window size and resolution was
one of the motivations to search for other representations than the spectro-
gram. As we saw in our previous discussion, the choice of time window w(t)
in the spectrogram fixes the degree of smoothing in the frequency direction.
Consequently, the frequency resolution depends on the time resolution and
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Figure 3.9: General shape of the spectrogram kernel W' (v;7) (Eq.3.48), with (a)
a long duration window and (b) a short duration window.

vice versa. One of the major advantages of the kernel approach is that time
and frequency smoothing can be specified independently. The smoothing is
handled by choosing a kernel function W/ (¢; f), for which time and frequency
smoothing are not necessarily related.

The general shapes of a short and a long duration Gaussian window in the
ambiguity domain are shown in Fig. 3.9. The spectrograms of the signal
Eq.(3.55), obtained with a short, intermediate and long Gaussian window
are shown in Fig. 3.10.

The best results can be obtained with a window that is matched to the
components of the signal. A matched window is a window that has the
same characteristics as the signal components, such as general shape and
duration. In this case, the signal consists of modulated Gaussians and we
used a Gaussian shaped window. Application of a window with a shape
and duration that is similar to the shape and duration of the components is
effectively a decomposition into the components. The resulting spectrogram
will then approximately be the sum of the spectrograms of the components,
without much distortion caused by the window. In some respects this is an
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Figure 3.10: (left) Spectrograms and (right) characteristic functions of the signal
given by Eq.(3.55); (a) long window, (b) intermediate window, and
{(¢) short window.



3.5. Signal dependent kernel optimization 75

ideal time-frequency representation as it will contain hardly any cross terms.
It should be noted however that for many signals it will be very difficult
to find this matched time window, either because the characteristics of the
signal vary rapidly with time or because there is significant time overlap of
components that have very different characteristics. We will take an approach
that is similar to the matched time window spectrogram in the next section.
With the optimal kernel method, a kernel is obtained that is matched to the
ambiguity function of the auto terms. The matched filter spectrogram is a
special case of this signal-dependent kernel. One of the advantages of the
optimal kernel approach is that we can impose constraints on the matched
kernel and consequently obtain a time-frequency representation with desired
properties, such as correct marginals and local averages.

3.5 Signal dependent kernel optimization

Cross term suppression can be achieved for a variety of signals by adapting
the kernel to the signal in such a way that auto term energy is passed and
the cross terms are rejected in the ambiguity function of the signal. The
maximum energy of the auto terms of a multi-component signal is at the
origin of the ambiguity function (see Eq.(3.53)) and in Section 2.7 it was
shown that the cross terms are located away from the auto terms. An op-
timum kernel with regard to cross term suppression leaves the auto terms
unaltered and rejects the cross terms in the ambiguity domain. The draw-
back of using a fixed kernel for cross term reduction is that the shape of
the ambiguity function of the auto terms is signal dependent. Furthermore,
the domain allocation of auto terms and cross terms is also strongly signal
dependent. A fixed kernel is capable of separating the auto terms from cross
terms for only limited number of signal types. To illustrate this, we show
the modulus of the ambiguity function, |A{u,u}(v;7)|?, of the signal con-
sisting of two Gaussian components, given by Eq.(3.55). Because we have,
A*{u,u}(—v;—7) = A{u,u}(v;7), only the half of the ambiguity plane with
positive frequency shift, v € IR", is shown. Although the auto terms and
cross terms are well separated for this signal we saw that the shape of the
auto terms will be difficult to match by any of the fixed kernels that were
discussed in the previous sections. For that reason we will attempt to find
a kernel that is adapted to the correlation structure of a signal. In order to
do this we can exploit the knowledge we have about the domain allocation
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| A{u, u}(v;7)|

Figure 3.11: Ambiguity surface of the signal given by Eq.(3.55).
of the cross terms in the ambiguity function.

3.5.1 Optimal kernel design

The property that the auto term energy of a multi-component signal is con-
centrated in one particular region of the ambiguity plane, while the cross term
energy is distributed over another, larger, region can be used in the search
for a kernel that suppresses cross terms. With help of this property we can
formulate the cross term suppression as an optimization problem (Baraniuk
and Jones 1993a). First we specify the volume under the pass-band of the
kernel as a fixed parameter, «, that is real and positive. The second con-
straint we impose is that the kernel is one at the origin, to preserve the total
energy property (see Eq.(3.14)), and is radially non-increasing. The last con-
straint forces the kernel to be essentially a low-pass filter with a pass-band
that occupies an area connected to the origin. We now specify a functional
E [U¥T] of the kernel as

Y = T (1)) uM v 7)dr dv 3.
£ 1—/T€B/V€m 077 ;) 2 Af, (v 7) dr (3.68)



3.5. Signal dependent kernel optimization 77

with as a special case U7 (v;7) =1 for (v,7) € IR?,
£(1) = E2, (3.69)

where E, is the energy of the signal. To get a feeling for the upper bound of
£ [P¥7] and using Eq.(3.53)

|A{u,u}(v;7)| < A{u,u}(0;0) = E,, for (v,7) € IR?, (3.70)
we arrive at
€107 (v; 7)] < B2 / 1097 (s 7) 2 dwdr. (3.71)
T€IR

Further we condition U7 such that
U¥7(0;0) = 1. (3.72)

The goal of the optimization is to separate auto term from cross term energy,
while by maximizing the auto term energy that is passed by a kernel that
has a limited size. The first step is to constrain the volume under the kernel
by the constraint

/ / (v;7))? drdv < a, (3.73)
T€R

where « is a real and positive parameter and 0 < o < 1. The last constraint
we add is that the kernel is non-increasing in any radial direction away from
the origin. By this constraint the performance on cross term suppression of
the kernel is determined. If it would not be imposed, the kernel would be
large, wherever |A{u,u}(v;7)|* is large, regardless whether a cross term or
auto term is passed. With the non-increasing constraint, cross terms can
only be passed if the relatively low-energy region of the ambiguity function
between the cross terms and auto terms is incorporated into the kernel. If the
cross terms and auto terms are well separated this region contributes little
to the performance measure Eq.(3.68). In this way the formulation of the
optimization problem implies a penalty for crossing the region between auto
terms and cross terms. Consequently, the optimal kernel will be constrained
to the region of the auto terms. The constraint that the kernel is radially
" non-increasing is best implemented using polar coordinates. It is straightfor-
ward to formulate the performance measure and other constraints in polar
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coordinates, and doing so, we define the following optimization problem. The
energy functional is given by, using the symmetry relations Egs.(3.11)-(3.13)
due to the realness,

5[qu7]:2/0°°/0"

A{u,u}(r,0) = A{u,u}(r cos(8), rsin(0)),
U(r, 0) = U7 (r cos(h),rsin(8)),
r=@2+1)Y2>0.

_ _ 2
A{u, u}(r,0)8" (r,6)| rdrdé, (3.74)

with

Then the optimization problem consists of maximizing & [V], subject to the
following conditions:

77%(0,0) =1, (3.75)
the kernel volume constraint
o0 i
I/
0 Jo

and the radially non-increasing constraint

— 2
T(r, e)l rdrdd < a, (3.76)

U"(ry,60) < U"%(r1,8), for ry > ry and for 0 < 6 < . (3.77)

Additional constraints can be imposed in order to extend the cross term
reduction property of the optimal kernel representation with other properties.
For instance, to obtain a representation that satisfies the marginal properties
Egs.(3.17) and (3.21), it is sufficient to add the constraints

$(r,0) =1, for0<r < o0
and (3.78)
T, —g) =1, for 0 <r < oo.

Two algorithms have been implemented for the numerical computation of the
optimum kernel time-frequency representation. The first algorithm a radially
Gaussian shaped kernel to the ambiguity function of the signal (Baraniuk
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and Jones 1993a). The Gaussian shaped kernel can be expressed in polar
coordinates as

T(r,0) = exp (#2(9)) . (3.79)

The spread o of the kernel is taken to be dependent on the angle § and the
optimization problem is solved with a gradient ascent algorithm. For the
numerical computation, the squared ambiguity function in polar coordinates
is interpolated from the rectangularly sampled squared ambiguity function
with a bilinear interpolation. The bilinear interpolation is implemented as
a sequence of two linear interpolations. The four rectangular sample points
that surround a polar sample point are first used to interpolate in the v
direction along the sides of the rectangle, followed by interpolation in the 7
direction.

In order to solve the optimization problem by a linear method, the kernel can
only take on the values one or zero (Baraniuk and Jones 1993b). A smooth
shape of the kernel is often desirable to reduce artifacts in the representation
caused by the sharp cut-off at the edges of the kernel. Tapering the kernel
yields formally a sub-optimal kernel. However, the linear optimization prob-
lem can be solved with considerably less computational effort than is required
for a non-linear optimization technique. Moreover, if there is overlap of cross
terms and auto terms, the sub-optimal kernel will not perform significantly
less than an optimal one. This can be seen as a consequence of the degree
of freedom that is introduced by enabling an application dependent choice of
the kernel volume parameter o. A fast algorithm that solves the linear opti-
mization problem is described in Baraniuk and Jones (1994). The algorithm
is based on an iterative expansion of the kernel from the origin. In every
iteration the contribution to the energy performance measure is maximized,
by expanding the kernel with the sample point that has the maximum energy.
By taking locally optimal steps a globally optimal solution is obtained.

An important feature of the algorithm is the discretization of the squared am-
biguity function and kernel on a tree structure. The tree structure enables an
efficient implementation of the non-increasing constraint (Eq.(3.77)), which
was formulated in polar coordinates, on a rectangular grid. The kernel is
discretized on a tree structure in the (v, 7)-plane and the radius r is approxi-
mated as the length of the path along a branch of the tree. An example of the
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Figure 3.12: Tree structure consisting of 31 by 16 tree nodes. The tree shown here
is o minimum norm tree, which implies that the branches are chosen
such that the path from o rectangular grid-node to the origin has a
minimum deviation from a straight line connecting the grid-node and
the origin.

tree structure is shown in Fig. 3.12. Here, we give an example of the result
of the linear optimization procedure, that has been implemented according
to the Condensing Sort and Select Algorithm (CSSA) of Baraniuk and Jones

(1994).

The optimal kernel for the two-component Gaussian signal of Eq.(3.55) is

'shown in Fig. 3.13, together with the ambiguity surface of the optimal kernel

time-frequency representation. The optimal kernel time-frequency represen-
tation of the signal Eq.(3.55) is shown in Fig. 3.14. The cross terms have
been suppressed without any significant loss of energy localization in the
time-frequency representation.

In the next chapter the application of time-frequency analysis to the inter-
pretation of seismic reflection data will be discussed.
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Figure 3.13: (a) Optimal kernel and (b) modulus of the optimally weighted ambi-
’ guity function of the signal given by Fq.(3.55).
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Figure 3.14: (a) Optimal kernel time-frequency representation of the signal given
by Eq.(3.55) and (b) characteristic function.
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Chapter 4

Time-Frequency Analysis and
Seismic Interpretation

4.1 Introduction

In this chapter the time-frequency representation is introduced as an aid for
seismic attribute extraction and seismo-stratigraphic analysis. In the first
part of this chapter, it will be shown how time-frequency analysis can help
in the identification and classification of seismic sequences. The second part
of this chapter addresses the use of the time-frequency representation for
seismic attribute extraction.

The concept of a seismic sequence is closely related to the stratification of
the subsurface. This notion has been the basis for one of the most impor-
tant developments in geology of the last decades: sequence stratigraphy. The
development of sequence stratigraphy started as a systematic approach for
the interpretation of large scale seismic profiles. In the late sixties and early
seventies the use of seismic data by the oil-industry had grown considerably.
With the acquisition of large quantities of good quality data, a systematic
approach towards seismic interpretation had to be developed. In 1977 AAPG
memoir 26 was published, in which the concepts and techniques of what is
now known as seismic sequence stratigraphy were laid down. This publica-

83
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tion had great impact in the geological community because of the relation
that was proposed between seismic stratigraphy and global changes of sea-
level. Nowadays, sequence stratigraphy is a method that is applied to the
interpretation of a wide variety of geological data. Seismic interpretation is
no longer the main field of application and the focus has shifted away to
interpretation of outcrop, core and well-log data.

In this chapter we will return to the initial field of application: seismic stratig-
raphy. The fundamental concept behind seismic stratigraphy is that basic
patterns that are observed on seismic sections can be related to sequences of
geological events. Seismo-stratigraphic interpretation starts with the identi-
fication of these basic patterns in a seismic section, which results in a sub-
division of the section into seismic units. The visual appearance of such a
seismic unit is called seismic facies. Once these seismic units have been iden-
tified in the seismic section, the seismic facies of each unit is described on the
basis of the signatures of the seismic events within the unit. These proper-
ties may concern the general character of the events, such as continuity and
amplitude. However, local features, such as reflection truncations or lap-outs
are important in a seismic facies description as well.

In Section 4.4 the time-frequency representation of the signal is proposed as a
method for seismic facies analysis. In a time-frequency display the two major
parameters that characterize the seismic facies - amplitude and frequency -
are combined into one display. This combined display is particularly useful
for bringing forward the characteristics of the reflection pattern and how they
change within the unit.

In Section 4.6 the time-frequency is taken as the point of departure for seismic
attribute analysis. It will be shown that existing methods, such as complex-
trace attribute analysis (Taner et al. 1979), can be greatly improved upon
by considering the attribute extraction in the context of joint time-frequency
analysis.

We will start with a brief discussion of the subsurface model that is the basis
of seismic sequence stratigraphy.

4.2 The subsurface model for seismic stratigraphy

Through the years, the analysis of large quantities of seismic data has re-
sulted in detailed sequence models for a variety of depositional environments.
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Many detailed descriptions of the methods that can be applied to infer de-
positional environments from seismic data have been published. Overviews
of the seismic stratigraphic principles and methods are given in Vail et al.
(1977), Sheriff (1980) and Hardage (1987). In the following, we will address
some aspects of seismic stratigraphy that are relevant in the context of time-
frequency analysis of seismic data.

At the basis of seismic sequence analysis is a model of a stratified subsurface.
The nature of this stratification and the presence of appreciable contrasts in
acoustic impedance are the link between the seismic unit and its associated
depositional system. Frequency analysis of seismic data is a way to extract
information about the cyclicity in the succession of seismic events. With the
proposition that seismic events can be related to the depositional surfaces,
the frequency information present in the data can be related to subsurface
stratification. Hence, if certain assumptions about the nature of seismic
reflection data are made (see Section 4.3), we expect to be able to infer how
the stratification changes as a function of seismic travel time by means of a
local frequency analysis.

The stratigraphic model for seismic analysis is one of time-stratigraphic
units and the proposition is made that the section can be broken into such
units based on seismic observations. A time-stratigraphic unit is a three-
dimensional set of facies deposited contemporaneously as parts of the same
system. The different facies within the unit genetically linked by depositional
processes and environments. Different portions of the depositional unit are
made of different mixes of grain sizes and lithology. This is caused by the
fact that the unit may be the product of several sedimentary processes. A
time-stratigraphic unit may also be called a depositional sequence.

Because it is determined by a single criterion, i.e. the physical relation of
the strata themselves, the depositional sequence is useful in establishing a
stratigraphic framework. The depositional sequence is not primarily depen-
dent rock types, fossils, depositional processes or other criteria that may
vary within a given sequence. A depositional sequence is time-stratigraphic
significant because it was deposited during a given interval of geologic time
limited by the ages of the sequence boundaries, in case these boundaries are
conformities. However, if the boundaries are unconformities, the age range
of the strata between the sequence boundaries may differ from place to place.
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Figure 4.1: The basic seismic sequence and seismic reflection terminations within
the idealized sequence (from Mitchum et al. (1977)). SB denotes the
sequence boundary.

The type of boundary that qualifies as a sequence boundary has been contin-
uously under discussion (see Schlager 1991). This discussion is not relevant
in the present context, but it should be noted that the term seismic sequence
is used in the sense of the original definition that was given by Mitchum et
al. (1977). In the original definition, a seismic sequence is a depositional
sequence identified on a seismic section. It is a relatively conformable succes-
sion of reflections, interpreted as genetically related strata. This succession
is bounded at its top and base by surfaces of discontinuity marked by re-
flection terminations and interpreted as unconformities or their correlative
conformities.

Figure 4.1 shows the prototype of a seismic sequence. The sequence bound-
ary, denoted by SB, is an unconformity or its correlative conformity. Within
the sequence there are stratal bedding surfaces that can be characterized by
the nature of their reflection terminations. Some possible types of reflection
terminations are given in the figure. Seismic sequences have all the properties
of depositional sequences, provided that these properties may be recognized
and interpreted from the seismic reflection data.

A reflection sequence can be described with properties such as the configu-
ration, continuity, amplitude and frequency of the events. Reflection config-
uration reveals the gross stratification pattern, from which depositional pro-
cesses, erosion, and paleo-topography can be inferred. Reflection continuity
is closely associated with the continuity of strata; continuous reflections sug-
gest widespread, uniformly stratified deposits. Reflection amplitude contains
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information on the impedance contrasts of individual interfaces and their
spacing. It is used to predict lithologies and occasionally pore-fill properties.

The frequency content is primarily determined by the bandwidth of the out-
going seismic pulse and the absorption characteristics of the subsurface. How-
ever, the variations within this band are primarily the result of the spacing
of reflectors or a strong lateral change in interval velocity. This variation of
frequency content due to the stratification pattern will be the main object of
study in the following section. First, we will discuss how the description of
seismic facies may be incorporated in a signal analysis framework. In order
to do so, we first discuss the relation between the subsurface model and the
observations that can be made in a migrated seismic section.

4.3 A signal analysis view on seismic facies

In the following sections we will focus on those aspects of the seismic facies
that can be related to the time-varying spectral content of the seismic signal.
In this chapter we will confine ourselves to a one-dimensional description.
The two-dimensional local spectrum analysis is the subject of Chapters 5
and 6. Table 4.1 gives a summary of the reflection parameters that are used
in a seismic facies description. The first and third column are taken from
Mitchum et al. (1977, Table 2). The parameters given in the first column are
widely used as the point of departure in seismo-stratigraphic interpretation.
The second column gives the signal parameters that are proposed to quantify
these seismic facies parameters. The signal parameters mentioned here are
by no means the only measures that can be used for a quantitative analysis.
We only give those signal attributes that can be extracted from a local power
spectrum of the data. Other, perhaps even more significant parameters,
such as velocity, density and amplitude versus offset behaviour, have to be
extracted from the data by an inversion process, which is beyond the goal of
the signal analysis techniques discussed in this thesis.

In order to connect the parameters that can be extracted by signal analysis
to the subsurface model some assumptions and simplifications have to be
made with regard to the physics involved in a seismic experiment.

The first corollary is related to the physical model that links the seismic
sequence to stratification. It is assumed that the seismic reflection data
represent a band-limited reflection coefficient sequence. This is a strong as-
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sumption, as we know that seismic data we measure at the surface is generally
quite remote from a primary-only, acoustic, reflection response. Many other
wave phenomena are present in our data, such as multiple reflections, energy
conversions from longitudinal to shear waves and an-elastic effects giving rise
to attenuation and dispersion. The goal of seismic pre-processing and mi-
gration is to remove all wave phenomena, other than the specular reflections
from impedance contrasts. Hence, the assumption can be phrased differently
by saying that it is assumed that the seismic processing did its work and
the time-frequency representation of our data is a good approximation of the
time-frequency representation of the subsurface reflection response. As there
is a one to one time-depth relation between the time and depth reflectivity
functions, we assume that an event that is localized in time in the time-
frequency representation of the data is an expression of the stratification of
impedance at the corresponding depth.

The second corollary pertains to the method that is used for modelling of
the seismic response. The synthetic examples in the section were generated
using a plane-wave modelling scheme based on the reflectivity method (Fuchs
and Miiller 1971; Fokkema and Ziolkowski 1987). The input model is that
of a layered earth, where the layers are bounded by impedance discontinu-
ities. Gradual changes in impedance are therefore approximated by replacing
them by thin layers with small reflection coefficients between them. Although
this is not a trivial step, it will be shown that in the cases presented here
the assumption of a layered earth leads to synthetic seismic data that can
closely match the measured data. The examples all represent the vertical
incidence response, which precludes the presence of angle dependent effects
and longitudinal to shear wave energy conversion. However, internal multiple
reflections have been included in the modelling.

4.4 Topology of the time-frequency representation of a seismic
sequence

In this section we will discuss the observations that can be made from a
time-frequency representation of a seismic section that has been migrated.
First, the time-frequency representations that were introduced in Chapter 3,
will be discussed in the context of seismic sequence analysis. In the second
part of this section, some types of seismic sequences are discussed and how
time-frequency analysis can help to identify them in seismic data. In order
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to facilitate our discussion we first make some remarks about the domain
allocation of signal components in the time-frequency representation and its
Fourier transformation: the characteristic function. Figure 4.2 illustrates the
distinction we make between four types of signal components. The charac-
teristic function is shown only for positive frequency-shifts, as the domain
allocation for the other half of the (v, 7)-plane can be derived from the sym-
metry with respect to the origin.

The first type are impulse-like signals, denoted with 0 in the figure. In
the time-frequency representation the energy of this type of component is
well localized in time, but extends over a large range of frequencies. In the
characteristic function, the energy is located near the frequency-shift axis,
extending over a large range of frequency-shifts.

The second type of component is a sinusoid or a purely harmonic component,
denoted by @ The energy of a sinusoidal component is localized at a single
frequency in the time-frequency plane. In the characteristic function these
components are found parallel to the time-shift axis and extend over a large
range of time-shifts.

The frequencies of the third and fourth type of component, denoted by °and

@ change with time. Although they extend over a large time and frequency
range, their energy is well localized near a ridge in the time-frequency plane.
The component of type 3 has an increasing frequency as a function of time. In
the characteristic function the energy of these components is found in the area
occupied by positive time-ghifts. The components of type 4, with a frequency
that decreases as a function, can be found in the area that is occupied by
negative time-shifts. In the following we will we show how these types of
components can be related to the signal structure of a seismic sequence.

Our model of a seismic sequence is based on the observation that a seis-
mic reflection profile on the scale of several hundreds of meters consists of
a limited number of strong reflections. Between these major boundaries one
usually observes a seismic reflection pattern that result from closely spaced
impedance contrasts that cannot be resolved individually. The strong reflec-
tions are associated with sequence boundaries and the interference composites
determine the seismic facies. An idealized model of this type of impedance
distribution is shown in Fig. 4.3, together with the seismic reflection response
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Figure 4.2: Classification of signal components in the time-frequency plane. (a)
time-frequency domain (b) characteristic function, the numbers are ex-
plained in the text.

to the model. The model is that of a layered sequence in between two homo-
geneous layers. The mean velocity of the sequence is 2000 [m/s]. The velocity
fluctuation consists of two components. The first type of component of the
velocity function consists of two harmonic with an amplitude of 50 [m/s] and
a spatial frequency of 0.1 [m~!]and 0.125 [m~!]. The second component has
an amplitude of 50 [m/s] and a spatial frequency that increases with depth
at a rate of 0.0003 [m~2]. In the depth model the density has been kept
constant at 1000 [kg/m?]. Note that the time image of the reflection pattern
does not reveal the nature of the stratification. In Fig. 4.4 the amplitude
spectrum of the source signal and the seismic reflection response are shown.
The spectrum of the seismic response shows two peaks at frequencies 100
[s7)and 125 [s71], related to the harmonic components of the stratification.
Apart from these two peaks, the shape of the amplitude spectrum of the
seismic reflection response follows that of the source pulse.

The Wigner distribution of the reflection pattern is shown in Fig. 4.5. The
three components of the stratification and the boundaries of the sequence
show up as separate entities in the time-frequency plane. The strong reflec-
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Figure 4.3: (a) Velocity model (b) first component of the velocity fluctuation (c)
second component of the velocity fluctuation (d) seismic reflection re-
sponse.
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Figure 4.4: Amplitude spectrum of the seismic reflection response of Fig. 4.3d (solid
line) and amplitude spectrum of the source wavelet (dashed line).
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Figure 4.5: Wigner distribution and ambiguity function of the reflection pattern.
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tions from the top and base of the sequence are visible as two impulse type
components (denoted by a 1 in the figure). The energy that is reflected on
two harmonic components (2) is located on a ridge at frequencies 100 [s™!]
and 125 [s7!]. The linear increase of frequency with depth of component
(3) results from the increase of spatial frequency with depth of the third
component of the velocity fluctuation.

For more complicated signals it will be hard to distinguish cross term en-
ergy between the components from the energy that can be attributed to the
components themselves. Consequently, it may not be feasible to interpret
a Wigner distribution in terms of individual signal components. Since it is
our aim to interpret seismic facies in terms of the localization properties of
seismic reflection patterns in the time-frequency plane, cross term suppres-
sion will be an important property when considering other kernels for the
time-frequency representation.

Using a particular kernel does not only result in cross term suppression, but
implies the enhancement of certain signal components at the cost of sup-
pressing others as well. Depending on the goal of the analysis, a certain type
of time-frequency representation will perform best. For instance, the extrac-
tion of cyclic events from the seismic data can be improved by suppression of
impulse type signals from the time-frequency representation. A kernel that
suppresses energy around the frequency-shift axis in the characteristic func-
tion, will favour type 2 and type 3 components in the signal, at the cost of
the impulse-like components. The following examples illustrate the type of
information that is brought forward by different choices for the kernel. The
time-frequency representations we show here were discussed in the context
of the general class of time-frequency representations Sections 3.4 and 3.5.

The kernel of the spectrogram (Section 3.4.4) has a fixed size in the am-
biguity domain. This size is determined by the time length of the window
(Fig. 4.6b). Using a short time-window and implicitly high time resolution
is equivalent to a kernel that is concentrated around the v-axis in the char-
acteristic function. Increasing the frequency resolution by lengthening the
time window goes to the expense of time resolution. The window used here
is a compromise between time and frequency resolution. The result is a time-
frequency representation in which all components are clearly visible but with
considerable less time and frequency resolution than in the Wigner distribu-
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tion. For more complicated signals the absence of cross terms will be a clear
advantage of the spectrogram. However, the smoothing that is performed by
the spectrogram kernel will make it difficult to make a distinction between
the signal components for more complicated signals. For the signal model
that we adopted here, a kernel that preserves the resolution of the Wigner
distribution while at the same time suppresses the cross terms would provide
us with an ideal time-frequency representation.

The cone-kernel time-frequency representation is shown in (Section 3.4.3)
Fig. 4.6b. Since its kernel is zero along the frequency-shift axis and conse-
quently suppresses impulse-like components, the cone-kernel representation
is very well suited for extracting the harmonic components from the signal.
The fact that it does not smooth impulses, as the spectrogram does, but
suppresses them makes it a very effective time-frequency representation to
localize rapid transitions in frequency. This can be clearly observed in the
time-frequency representation of the synthetic sequence, where the transition
between the two harmonics can be very well localized in time.

The Choi-Williams kernel (Section 3.4.2) suppresses energy that is located
away from the v and 7 axes (Fig. 4.6c). Consequently, both impulses and
sinusoids are enhanced while the energy of a component whose frequency
changes with time will be reduced. However, in the Choi-Williams represen-
tation the cross terms between the components are greatly suppressed, since
the energy of the cross terms is located away from origin in the characteristic
function domain. This property, together with the fact that it satisfies the
marginal property makes it an attractive alternative for the Wigner distri-
bution. The Choi-Williams representation has the advantage that the time
that is needed for its computation is much less than for a signal adaptive
kernel, which we will discuss next.

Superior results are achieved by adapting the kernel of the representation to
the signal (Section 3.5). Figure 4.6d shows the time-frequency representation
that results if we use a Gaussian shaped kernel that is adapted to the signal.
The kernel is adapted for each time sample, which results in a time-dependent
optimum kernel time-frequency representation. The characteristic function
clearly shows that the optimum kernel time-frequency representation effec-
tively suppresses cross terms, while retaining excellent time-frequency reso-
lution. However, the transition between the two harmonic components can
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be less well localized in time than in the cone-kernel representation.

The examples given above serve as a handle for the interpretation of a time-
frequency representation of a seismic sequence. The purpose of the discussion
was to illustrate that the choice of a particular kernel depends on the type of
information one wants to extract from the signal. When interpreting a time-
frequency representation one must keep in mind that the kernel function is
reflected in the type of information that is observed. To illustrate the main
point of the previous discussion, we show three time-frequency representa-
tions of a trace from a marine seismic data set (Fig. 4.7). The properties
of the kernels have been chosen such that their characteristics are brought
forward in an extreme way. Choosing the kernel sizes the same for each time-
frequency representation would lead to a closer resemblance of the results.

We observe in all three time-frequency representations that there is a general
decrease of frequency as a function of time. The spectrogram which was
obtained using a short time window, shows the signal as a succession of
distinct reflections. Some frequency variation is visible between the reflectors,
but the general appearance is that of well time-localized events that extend
over a broad range of frequencies. The cone-kernel representation shows a
completely different signal structure. The energy is now localized on narrow
frequency bands with a broad time extent. Hence, we observe that the cone
kernel brings forward the cyclicities that are present in the signal. The time-
adaptive optimum kernel representation effectively brings forward a wide
variety of signal components. Several of the basic signal components that
were observed in the synthetic sequence model can also be recognized in
the real data. The results show that adapting the kernel to the signal in
contrast to enforcing a fixed kernel on the signal, leads to what appears an
unbiased view of the time-frequency structure of the signal. For that reason,
an adaptive kernel time-frequency representation is preferred in the analysis
of seismic sequences.

4.4.1 Seismic sequences

Figure 4.7 shows that we can clearly distinguish separate basic signal com-
ponents in the time-frequency representation of a real seismic signal. The
synthetic example of the previous section showed that we can generate these
components in the seismic response introducing the same type of components
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into the depth model as building blocks of the impedance stratification. Some
additional modelling results are presented here with the purpose to illustrate
the use of the time-frequency representation as a template for the interpre-
tation and validation of seismic sequence interpretation. In stratigraphic
modelling it is hardly ever possible to obtain synthetic seismic data that
closely match real data. As was shown in the previous section, the time-
frequency representation provides a good tool to extract information on the
gross pattern of stratification.

In Fig. 4.8 four one-dimensional impedance models are shown together with
their vertical incidence seismic response and their optimum kernel time-
frequency representation.

The response to the reflectivity was modelled in the frequency domain and
then band-limited with a 70 [s~!] Ricker wavelet. Internal multiples were
taken into account in the modelling. Each of the models has a first layer
with a thickness of 200 [m] on top. Velocity and density in the first layer of
the model are 1500 [m/s] and 1000 [kg/m3].

The first sequence has layers of constant thickness of 6 [m]. The velocity
of the layers alternates between 1625 [m/s] and 1675 [m/s]. This type of
sequence is also known as a binary sequence. A set of two layers is called
a motif. The reflected signal from this type of sequence is narrow-band
around the frequency of the response to one motif and integer multiples of
this frequency. In this case the temporal frequency of one motif is around
68 [s~!]. Higher frequency bands are not observed because they are outside
the frequency band of the source pulse. Although this is not immediately
apparent in the time-frequency representation shown here, the transfer of
energy from primary to multiple reflections results in an attenuation of the
primary pulse and delay of the arrival of energy. An elaborate discussion of
the seismic response to this type of sequence can be found in Morlet et al.
(1982).

The second sequence consists of 50 layers with randomly distributed thick-
nesses and velocities. The mean thickness is 3 [m] and the maximum de-
viation of the (uniform) random component of the thickness is 2 [m]. The
velocity is 1650 [m/s] with a maximum deviation of 130 [m/s]. Density was
taken proportionally to the velocity. The random thicknesses and velocities
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Figure 4.8: (left) Seismic sequence models, (middle) their seismic reflection re-
sponse and (right) time-frequency representations of the seismic re-
sponse (time adaptive Gaussian kernel).
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result in a time-frequency representation of the reflection pattern with no
evident relation between time and frequency localization of the energy.

The third and fourth sequences are a combination of Gaussian distributed,
alternating velocities, superposed on a linear velocity gradient. Their main
feature is an increase of layer thickness with depth for the third sequence
and a decrease of layer thickness with depth for the fourth sequence. Both
models consist of 25 layers with thicknesses ranging between 0.5 [m| and 12
[m]. In sequence 3 the thickness of the layers increases with depth and this
model may serve as a model for a depositional sequence in which the rate of
sedimentation decreases with geologic time. The thickness of layers in the
fourth sequence decreases with depth, as would happen in the case sediment
input increases as a function of geologic time.

The change of layer thickness gives rise to frequency tuning of the response
towards the frequency of the (time) thickness of the layering. As a result,
these gradual changes in layer thicknesses can be recognized in the time-
frequency representation of the seismic signal as a change of frequency content
as a function of seismic travel time.

We observed in the synthetic examples that the contribution of the stratifica-
tion of the impedance to the frequency content of a reflected signal is elicited
by the time-frequency representation of the data. The time-frequency rep-
resentation effectively maps the reflection response into an time-frequency
pattern from which the reflection configuration can be interpreted more eas-
ily than from the time image.

Figure 4.10 shows the time section from 0 - 1 [s] of a part of a seismic
profile from the Alboran Sea. A standard marine seismic data-processing
sequence was applied to the data, followed by FK migration. In figure 4.9
the time frequency representations of the first and last trace of this section
are shown. In the upper 0.5 [s] we can distinguish three components in
both time-frequency representations. The resemblance of the upper part of
the two time-frequency representations indicates that the properties of the
signal remain fairly constant over a large spatial range. In a seismic facies
interpretation we can infer from the time-frequency representation that the
upper 0.5 [s] of the section can be characterized by continuous events with
little change of reflector spacing as a function of lateral distance. The first
component is the reflection from the strong sea bottom, which shows up
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Figure 4.9: (a) Time-frequency representation of the first trace of the seismic sec-
tion of Fig. 4.10 and (b) time-frequency representation of the last trace
(time adaptive CSSA kernel).

as an impulse-like event in the time-frequency plane. Below the sea-bottom
reflector we observe an increase of frequency with time until about 0.35 [s]. At
0.35 [s] there is an abrupt change and a decrease of frequency time occurs until
0.5 [s]. Below 0.5 [s], the energy is less well localized in the time-frequency
representation indicating a more random stratification. The localization of
energy in the lower part of the first trace is clearly different than in the last
trace. This difference can be attributed to a change of bed spacing with
offset. Hence, an evaluation of time-frequency representation results in a
division of the seismic section into two seismic units. In the upper unit we
can distinguish three separate components, which results in a further division
of the upper unit into three sub-units.

Although the time-frequency representation itself provides a clear display of
seismic facies characteristics, it will be difficult to use in a routine seismic
facies analysis. Computing the time-frequency representation for each trace
in a seismic section results in a three-dimensional data volume. The size
of this data volume will clearly complicate the interpretation of the time-
frequency representation. However, we can attempt to reduce the amount of
data by describing the time-frequency representation with a limited number
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Figure 4.10: (top) Migrated seismic section Alboran Sea and (bottom) relative amounts of energy with increasing fre-
quency as a function of time (70 % = white) and decreasing as a function of time (70 % = black).
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of parameters. For example, we can attempt to divide the time-frequency
representation into components with an increasing frequency as a function
of seismic travel time and components that show a decrease of frequency as
a function of time. We can separate these components in the characteristic
function of the time-frequency representation, since these two types of com-
ponents occupy different half-planes in the (v, 7)-domain (cf. Fig. 4.2). Once
we have separated the two types of components, we can map them into a
one-dimensional parameter, that gives the relative contribution of each com-
ponent type as a function of time and offset. The result is plotted below
the seismic section in Fig. 4.10. The darker the color, the more energy is
found in components that have a decreasing frequency as a function of travel
time. We can now clearly distinguish the two units. The upper unit shows
little spatial variation and the three sub-units can be clearly distinguished.
The frequency remains fairly constant in the first 0.15 [s], there is an overall
increase in frequency between 0.15 [s] and 0.35 [s] and decrease between 0.35
[s] and 0.5 [s]. The lower unit shows large variation as a function of offset
and time, indicating a less pronounced stratification pattern.

Jarado and Comas (1992) consider the seismo-stratigraphic interpretation of
seismic reflection data from the same region. The part of the section shown
here coincides with their facies unit I, consisting of sediments of Pliocene
to recent age. They divide the unit into two sub-units that are separated
by an unconformity. The result of the time-frequency analysis confirms this
division and adds a further refinement by the subdivision of the upper unit.

4.5 Synthesis of time-frequency components from the Wigner dis-
tribution

The previous analysis of seismic data in terms of time-frequency components
is an effective way for studying seismic facies characteristics. Seismic se-
quences can be identified and interpreted by evaluation of the localization of
energy in a time-frequency representation of the data. In this section we will
take a closer look at the decomposition of a signal into its time-frequency
components. We will discuss the synthesis of a time signal from a time-
frequency component in the Wigner distribution. The ability to reconstruct
the time signal form its time-frequency representation is not a prerequisite
for the interpretation of the signal in terms of time-frequency localization of
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energy. However, reconstruction of the time signal can be used as a check on
interpretation of a time-frequency representation.

The bilinearity of the Wigner distribution and other time-frequency repre-
sentations from Cohen’s class is a major drawback if one considers using the
time-frequency representation for time-variant filtering and time-frequency
decomposition. However, the high resolution of the bilinear time-frequency
representations gives them an advantage above linear time-frequency repre-
sentations, such as the wavelet transform or sliding-window Fourier trans-
forms.

The Wigner distribution in itself is invertible (see Section 2.3). With an
inverse Fourier transformation of the Wigner distribution the local auto-
correlation function is obtained. A signal can be reconstructed from the local
auto-correlation function up to a constant phase (Eq.(2.77)). The problem
arises, if one wants to synthesize signals from a region of the time-frequency
plane. For instance, to apply a time-variant frequency filter, the Wigner
distribution W{u, u}(t; f) is masked by a time-frequency window w(%, f), i.e.

W (t; f) = w(t, )W {u, u}(t; f). (4.1)
By the weighting operation a time-frequency function W (¢; f) of the modified
signal v(t) is obtained. This time-frequency function usually is not a Wigner
distribution. The reconstruction of the modified signal, v(¢), can be formu-
lated as an optimization problem, which results in an orthogonal projection
(Hlawatsch and Krattenthaler 1992). The orthogonal projection results in an
approximation of W (t; f) by a time-frequency function, W{v,v}(t; f), that
is a valid Wigner distribution.

The projection method is discussed by Hlawatsch and Krattenthaler (1992)
for continuous signals. An algorithm to solve the projection for discrete sig-
nals has been derived by Boudreaux-Bartels and Parks (1986). The discrete
algorithm is similar to algorithms that are used for the synthesis of a sig-
nal from its ambiguity function (Sussman 1962). The goal of the projection
method is to minimize the approximation error. The approximation error
is defined as the energetic difference between the time-frequency function
W{v,v}(t; f) and a valid Wigner distribution W{v,v}(t; f), given by

€ —/ / — W{v,v}(t; f) | dedf. (4.2)
tcelR JfeclR
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The minimization of this error takes place in the local auto-correlation do-
main. The problem is then given as the synthesis of a signal from a function
R(t; 7) that is closest to a valid local auto-correlation R{u,u}(t; 7). The mod-
ified auto-correlation function found by an inverse Fourier transformation of
the function W (¢; f), i.e.

R(t;7) = .7-';’ {W(t,f)} ) (4.3)

In order to find the signal that has an local auto-correlation that is closest
to R(t;7), the modified auto-correlation function is first expressed as the
local auto-correlation of a sum of orthonormal eigenfunctions, (Hlawatsch an
Krattenthaler 1992), i.e.

R(t; T) = Z )‘kR{ukv uk}(ta T)a (44)
k=1

with A the eigenvalues and uy the associated eigenfunctions. The signal that
has a Wigner distribution that is closest to W (¢; f) is now given by

o(t) = exp(ig) VA 1u1(t), (4.5)

where \; the largest eigenvalue and w;(¢) its associated eigenfunction The
approximation error equals

o
= M. (4.6)
k=2

The synthesis of a signal component from the Winger distribution is per-
formed with a five step procedure:

1. first, the component is isolated in the (¢, f)-plane by applying a mask
function w(t, f).

2. The next step is an inverse Fourier transformation of the (¢, f)-component
over the frequency in order to obtain the (¢, 7)-domain representation
of the component.

3. This is followed by an eigenvalue decomposition of the (t,7)-
representation.
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Figure 4.11: Reconstruction of a two component signal. The bozes outline the time-
frequency mask function.

4. Next, the component is synthesized by taking the largest eigenvalue mul-
tiplied by its corresponding eigenfunction.

5. Finally, we are left with a constant phase factor that cannot be deter-
mined by the reconstruction. In case we have the original signal, which
we usually do, this factor can be estimated by matching the phase of
the synthesized components to the phase of the original signal. Al-
gorithms for phase matching can be found in Boudreaux-Bartels and
Parks (1986) and Tobback (1996).

An example of the decomposition is given in Fig. 4.11. The signal is a two-
component signal, composed of two modulated Gaussians. In the Wigner
distribution of this signal the two components and the cross terms between
the components are well separated. The signal can be perfectly synthesized
from the Wigner distribution by isolating the two auto terms, followed by
the reconstruction from the separate auto terms. In Section 2.6 it was shown
that the Wigner distribution of this signal can be decomposed into three
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Figure 4.12: Reconstruction when cross-term energy s included.

terms. Two terms are auto terms, which are the Wigner distributions of the
individual components. The third term is the cross-term between the two
components. The reconstruction works well in this case, because the (1, f)-
components that were isolated in the (¢, f)-plane, are Wigner distributions.
As a result, the projection reduces to the inversion of a Wigner distribution.
That this is perfectly possible can be derived from the inversion property of
the Wigner distribution that was given in Section 2.3 (Eq.(2.77)).

Problems arise in case cross-term energy is incorporated in the (¢, f)-masked
Wigner distribution. This is illustrated in Fig. 4.12. In that case the algo-
rithm reconstructs a signal that has a Wigner distribution that is closest to
the (¢, f)-masked function with cross term energy. As a consequence, also the
second component that generates the cross term will be partly reconstructed.

In case we want to synthesize more components from a Wigner distribution,
incorporating cross terms will give rise to cumulative errors in the recon-
structed signal. In order to avoid cumulative errors, a hierarchical decompo-
sition is proposed. In the hierarchical decomposition a synthesized compo-
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Figure 4.13: (o) Wigner distribution of the signal, (b) Wigner distribution of the
signal minus the first extracted component

nent is subtracted from the signal. In the next step of the decomposition, the
Wigner distribution of the signal minus the component is computed. Then,
the next component is synthesized from the modified Wigner distribution and
the process can be repeated until all desired components have been extracted
from the signal.

The hierarchical decomposition is illustrated in Figs. 4.14 and 4.15. The
signal is the same signal that was used as a model for a reflection pattern in
Section 4.4. The Wigner distribution of the signal after subtraction of the
first component is shown in Fig. 4.15b.

The synthesis error is quite large. This is partly due to the fact that the
components were selected on the basis of prior knowledge about the signal
structure. The signal was decomposed into five components. At those loca-
tions were the components have overlap the reconstruction performs poorly,
because energy that belongs to another component than the component un-
der consideration is brought into the synthesis. It is interesting to compare
the sum of the Wigner distributions of the synthesized components with the
time-frequency representation of the signal (Fig. 4.15). In the sum of the
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Figure 4.14: (a) signal, (b)-(f) reconstructed components, (g) sum of the compo-
nents and (h) difference between the sum of the components and orig-
inal signal.
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Figure 4.15: (a) sum of the Wigner distributions of the components, (b) charac-
teristic function of the sum of the Wigner distributions.

Wigner distributions, cross term energy between components is absent and
the result is a time-frequency representation with high time-frequency reso-
lution. In the (v, 7)-plane the components are very well separated and cross
term energy between the components has been removed. Note however that
there still is cross term energy present in the Wigner distributions of the
individual components.

Figures 4.16 and 4.17 show the decomposition of a seismic trace from a mi-
grated seismic section. It is the same trace as the one shown in Fig. 4.7.
Nine components were synthesized through hierarchical decomposition. In
this case, the reconstruction error is nearly zero. The total error is about 1
% of the total energy of the signal. The Wigner distribution of the signal and
the sum of the Wigner distributions of the components is shown in Fig. 4.17.

4.6 Seismic attribute analysis

Seismic attribute analysis is a widely used method for detailed interpretation
of seismic reflection data. Almost any study that attempts to predict reser-
voir properties from seismic data involves in one way or another the extraction
of attributes from the seismic trace. At the base of geo-statistical integration
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Figure 4.16: (a) Signal, (b)-(j) reconstructed components, (k) sum of the compo-
nents and (1) difference between summed components and originel sig-
nal.
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Figure 4.17: Wigner distributions, (a) original trace, (b) sum of Wigner distribu-
tions of components.

of seismic and well data is the correlation between the seismic trace attributes
and the petrophysical properties measured in the bore-hole. This correlation
determines the relation that is used to predict reservoir properties away from
the well. After attribute extraction and correlation, the prediction is per-
formed with multivariate statistical methods (see e.g. Fournier and Derain
1996) or neural networks.

It is remarkable that in most seismic attribute studies little attention is paid
to the extraction of the attributes, that after all form the basic input. In
many cases the set of attributes that is used is in the orders of tens or even
hundreds (Kalkomey 1996). In one way or another most seismic attributes
can be categorized into two types: measures for the amplitude and measures
for frequency. The attributes are either extracted from the time characteris-
tics of the trace, for instance amplitude, loop width, peak to through width,
number of zero crossings, or as frequency characteristics, such as instanta-
neous frequency, local bandwidth and spectral ratios.

The examples given here immediately show that this type of analysis has its
dangerous side. Clearly, loop width, the number of zero crossings and local
frequency characteristics will be highly correlated measures. Using these at-
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tributes can lead to grossly over- or under-estimating the degree of correlation
between seismic data and reservoir properties.

The complex-trace attributes, first introduced to seismic interpretation by
Taner and Sheriff in 1977, are still widely used for the characterization of
waveforms. In Chapters 2 and 3 it was shown that the complex-trace de-
scription and the general class time-frequency representation are intimately
related. This was first. pointed out in the geophysical literature by Bodine
(1986), whho shows that the complex-trace attributes can be obtained as the
relative moments of a time-frequency energy density function. In his paper
he argues that a local frequency measurement from this energy density is best
obtained at a location where the energy is largest. He proposes the measure-
ment of frequency and phase at peaks of the trace envelopes and coins these
attributes response phase and response frequency.

From a time-frequency analysis perspective, it is immediately clear why these
measures perform better for waveform classification of seismic signal than the
complex-trace attributes for all samples of the trace. Several theoretical ex-
planations can be given, based on the relation between the rate of change
of the envelope and the variance of instantaneous frequency (see e.g Cohen
1995). A more intuitive explanation is given by the observation that strong
cross terms in the time-frequency representation will be located between two
envelope peaks. These cross terms do not contain information about the
signal at that particular location but are generated by the interaction of the
two neighbouring peaks. The observation that the instantaneous frequency
attains negative values can also be attributed to the cross terms. As the cross
terms attain negative values and will dominate the time-frequency represen-
tation between two strong components the mean frequency at this location
may also attain a negative value.

An alternative way to solve this problem is to suppress the cross terms in the
time-frequency representation and then extract the attributes. This method
has a significant advantage over the response attributes. Since the charac-
teristics of the trace are extracted on a sample by sample basis, instead of
only at envelope peaks, more detailed time information will be incorporated
in the attribute analysis.

In conclusion, the time-frequency representation is proposed as the basic
characterization method for seismic traces for two reasons. The errors that
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result from introducing highly dependent data into a statistical analysis can
be avoided by first inspecting the time-frequency representation to obtain
confidence about significance of a particular set of seismic attributes. As al-
most any attribute can be extracted from the time-frequency representation,
the extraction of two attributes that describe the same time-frequency char-
acteristic of the trace can be avoided. Second, the sensitivity to noise and
cross terms of the attributes can be greatly reduced, if they are extracted
from a smoothed time-frequency representation. In the previous section it
was shown that careful smoothing can greatly reduce the cross terms, while
retaining resolution and detectability of certain time-frequency characteris-
tics of the data.

The following examples illustrate the relation between the type of kernel that
is used to obtain a time-frequency representation and the attributes that are
extracted from the representation. Here, we will only discuss the extraction
of the mean frequency as a function of time in detail. Next to the amplitude,
which can be extracted from the data without any problems, it is regarded
as the most important feature of the data.

4.6.1 Extraction of the mean frequency

Instantaneous frequency estimation is extensively treated in signal processing
literature; a wide variety of methods is discussed by Boashash (1992a, 1992D).
A direct estimate of the instantaneous frequency is obtained by differentiation
of the phase, ¢(t) of the analytic signal (see Section 2.2.3).
dé(t)

(Nle=— (4.7)
The mean frequency as a function of time is extracted from the time-
frequency representation by calculating the relative first-order moment with
frequency for each time sample, i.e.

/],
[,

where [f™], stands for taking the n'® moment for fixed time ¢, as introduced

(Fie= (4.8)

in Section 2.2.

In case the kernel of the time-frequency representation satisfies the con-
straints given in Egs.(3.38) and (3.39), the direct estimate and the estimate
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Figure 4.18: Mean frequency; (a) Instantaneous frequency (Wigner distribution),
(b) spectrogram, (c) modulus of the Choi- Williams representation, (d)
positive part cone-kernel representation.
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from the time-frequency representations are equivalent. The time-frequency
representation of the analytic signal is used and consequently the calculation
is performed for positive frequencies only. In order to avoid spurious val-
ues in case the time-frequency representation attains negative values, either
the modulus of the time-frequency representation, or the positive part of the
representation is used in the calculations.

Fixed kernel time-frequency representations

For time-frequency representations with a fixed kernel, the properties of the
average frequency that is extracted can be derived by an evaluation of the
smoothing kernel. Figure 4.18 shows the instantaneous frequency that was
extracted from a pseudo Wigner distribution of the first 100 traces of the seis-
mic section that is shown in Fig. 4.10. It is comparable to the instantaneous
frequency that is extracted from the complex trace. Cross terms and noise
give rise to spurious peaks that obscure the actual local frequency content of
the section.

Next to the instantaneous frequency the mean frequency that is extracted
from the spectrogram is shown. The smoothness and non-negativity of the
spectrogram lead to a robust estimation of the frequency content. However,
the time localization is poor which makes the correlation of frequency with
separate events in the seismic section difficult.

The Choi-Williams and cone-kernel representations result in a better time-
localization of the mean frequency. In the Choi-Williams representation this
better localization is achieved by the fact that the kernel enhances both
impulse-like signals (the separate events) and harmonic components (between
strong events), at the expense of cross terms. The mean frequency that is
extracted from the cone-kernel representation illustrates the capability of this
representation to sharply localize frequency transitions. Impulse type events
are suppressed by the cone kernel, but changes of frequency between strong
events are sharply localized in time and frequency. For the Choi-Williams
representation the best results are obtained by extracting the mean frequency
from the modulus of the time-frequency representation. The best result for
a cone kernel is achieved by considering the positive values only.
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Adaptive methods

Instantaneous frequency measurement of noisy signals can be improved by
adapting the time-frequency representation to the signal under analysis. This
can be done by signal adaptive cross-term suppression or an iterative method.
The iterative method is based on peak detection in the cross-Wigner distri-
bution of a signal and an initial estimate of the signal (Boashash and O’Shea
1993). Although the method is designed for instantaneous frequency estima-
tion of mono-component signals, good results are also obtained for seismic
signals.

The iterative estimation is applied according to the following scheme:

o Initialization: a first estimate of the instantaneous frequency is obtained
and a (unit amplitude) reference signal is formed from it.

e Estimation: the current signal estimate is is used as reference and the
cross-Wigner distribution of the reference signal and current estimate
is computed. The instantaneous frequency is estimated as the peak of
the cross-Wigner distribution.

e Recursion: the procedure is repeated until the estimate differs from the
previous one by less than a specified amount.

To obtain the initial estimate, the peak of a spectrogram of the signal is
extracted. If for the initial estimate the instantaneous frequency based on the
direct definition (Eq.(4.7)) is used, the reference signal becomes the observed
signal. In that case the cross-Wigner distribution estimation is equivalent
to extraction of the location of the maximum energy (the peak value) from
a Wigner distribution. The iterative method is illustrated in Figs. 4.19 and
4.20. The signal is a quadratic frequency modulated signal, contaminated by
random noise. Figure 4.19 shows the signal and the instantaneous frequency
that is obtained by direct estimation. = The estimate that is obtained by
peak extraction from the cross-Wigner distribution is shown in Fig. 4.20.
The example shows that for random noise the adaptive method is quite well
capable of estimating the instantaneous frequency of the noise-free signal.

The results of the cross-Wigner distribution estimation on the seismic data
are shown in Fig. 4.21. The result that is obtained from the peak estima-

e
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Figure 4.19: (a) Real part of the quadratic frequency modulated signal, (b) instan-
taneous frequency obtained from phase differencing and true instanta-
neous frequency (dashed line), (¢) real part of the signal plus random
noise (-10 [dB]), (d) instantaneous frequency of the signal (c).
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Figure 4.20: Instantaneous frequency obtained from cross- Wigner distribution peak
of the noisy signal (lower solid curve) and noise-free signal (upper
solid curve). The dashed curve is the true instantaneous frequency.
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Figure 4.21: Mean frequency cross- Wigner estimation (o) peak, (b) mean.
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tion has a blocky appearance, which may not always be desirable for visual
interpretation. However, the scheme can also be adapted for estimation of
the mean frequency from the cross-Wigner distribution. The result is for the
mean frequency estimation is shown in Fig 4.21b.

The result that is the visually most appealing is obtained by estimation from
an optimal kernel time-frequency representation. Figure 4.22 shows a part of
a migrated seismic section from the Alboran Sea and the local mean frequency
of the data, extracted from an optimum kernel time-frequency representation.
Fine detail that is difficult to observe in the original section is brought out
by the mean frequency display. The high frequency event at about 0.35 [s]
was also observed in the time-frequency representations of Fig. 4.9. The
event marks the lower boundary of the upper sub-unit that was observed in
the seismic facies analysis of the same seismic section (cf. Fig. 4.10 and the
discussion in the text).

In the mean frequency display the boundary shows up as a highly correlative
event, which is not easily recognized in the original section. Note also that
reflection terminations can be much better identified in the mean frequency
display than in the original section.

4.6.2 Attributes derived from higher-order moments of the time-
frequency representation

Besides the amplitude and frequency many other attributes can be extracted
from a time-frequency representation. A logical step is to introduce the local
higher-order moments to characterize the representation.

The local bandwidth oy, which can be found by calculating the variance
around the mean frequency, (f);, is given by

,_ -0,

o; = 1) (4.9)

Other measures that are used in statistics to characterize density functions
are the skewness and kurtosis (Press et al. 1992). Skewness is a measure for
the deviation of the density function from a normal (Gaussian) distribution
and is related to the third moment around the mean. A skewness measure is
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Figure 4.23: Attributes derived from higher order moments of the the time-frequency representation: (a) seismic trace,
(b) time-frequency representation (Choi- Williams representation) and mean frequency (line), (c) bandwidth,
(d) skewness, and (e) kurtosis.
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given by

=],
CATUN
A positive skewness signifies an asymmetric distribution with a tail extending
out towards positive frequencies. A normal distribution has skewness zero.
Kurtosis is used as a measure for the peakedness of the distribution. Using the
usual definition, the kurtosis of a time-frequency representation as a function

(4.10)

of time is given by

[(f - (f)t)4]t _
4
(o1 [f%],)
where the term —3 makes the value zero for a normal distribution. Density
functions with a positive kurtosis have a more sharply peaked shape than a

Gaussian and are called leptokurtic. Negative kurtosis signifies a distribution
that is flatter than a normal distribution. These distributions are called

ky = 3, (4.11)

platykurtic.

Figure 4.23 shows a seismic trace, its time-frequency representation (Choi-
Williams representation) and the higher-order relative moments as a function
of time. A part of a seismic section and the attributes extracted from its
time-frequency representation is shown in Fig. 4.24. The seismic data are
the first 100 traces of the section shown in Fig. 4.22. Skewness values vary
between 2 and -1, kurtosis varies between 10 and -1. Interpretation of these
attributes is not straightforward. Their usefulness for seismic interpretation
should be assessed in terms of the significance that can be attached to the
width, symmetry and peakedness of the local spectrum as a function of time.
However, from the figure some tentative conclusions can be drawn.

The local bandwidth (Fig. 4.24a) appears to be related to the uniformity
of reflection spacing. Uniformly spaced events tend to show up as regions
relatively low bandwidth. In the figure this is most clearly observed for the
events around 0.5 [s] travel time.

We cannot derive an interpretation in terms of event characteristics of the
skewness from the figure. However, a high skewness value appears to indicate
a facies change. In section 4.4 we could make a subdivision of this section into
two facies units (Figs. 4.9 and 4.10). The upper unit (0.16 [s] - 0.5 [s]) was
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Figure 4.24: (a) Seismic section, (b) local bandwidth, (c) local skewness, (d) local
kurtosis. The attributes were extracted from the modulus of the Choi-
Williams representation.
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further divided into two subunits. The boundary between the two subunits is
clearly visible at 0.35 [s] travel time. We also observe the boundary between
the upper and lower unit.

In the image of the kurtosis we observe relatively high kurtosis values below
0.5 [s]. Below the 0.5 [s] the events are less continuous and less regularly
spaced that in the upper unit. The higher degree of disorder in the lower
section is expressed in a more peaked character of the local spectrum. This
relation is also known in other areas of seismic data analysis. In minimum
entropy wavelet deconvolution kurtosis is used as a heuristic measure for
entropy (Wiggins 1985).

There are of course many other attributes that could be defined. Here we
have chosen to illustrate only those that appear relevant in the context of a
statistical description. Other measures that may be defined are cumulative
energies, peak counts or spectral fall-off rates.



Chapter 5

Multi-dimensional Local Power
Spectra

5.1 Joint Representations of more than two variables

Seismic reflection data are not only recorded in time but are also sampled in
space. In seismic interpretation, the spatial characteristics of seismic events
are often more significant than features that are associated with the temporal
behaviour of the signal. The lateral continuity of an event in a seismic section
is the key to its interpretation. Continuous events are identified as important
geological surfaces and a discontinuity of the signal in a lateral direction is
often associated with a geological discontinuity, such as a fault, a pinch-out
or an erosional truncation. Seismic signal analysis should therefore not be
limited to time domain analysis, but comprise the spatial behaviour of the
signal as well.

In this chapter we will define the multi-dimensional local power spectrum
of a signal that depends not only on time, but also on one or more spatial
coordinates. This definition is for the greater part a straightforward extension
of the theory of time-frequency analysis that was discussed in Chapters 2 and
3.

In the second half of this chapter a local Radon power spectrum is defined.
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The global Radon transformation is an important transformation in seismic
data analysis. The Radon transformation is used in a wide range of seismic
processing and analysis applications. The main reason for its popularity
is that it can be used for decomposition of the data into its plane-wave
components. (Stoffa et al. 1981; Phinney et al. 1981; Treitel et al. 1982).

For seismic interpretation purposes, a local Radon transformation would be
preferred. Ideally, a local Radon representation results in a decomposition
of the signals energy into a spectrum of its dip content in every point in
space and time. The dip angle and dip direction (azimuth) of a surface are
essential parameters for the visualization of three dimensional features on a
two-dimensional map. For that reason, a local space-time-dip angle repre-
sentation will be considered the point of departure for multi-trace seismic
attribute analysis, in the same manner as the time-frequency representa-
tion was shown to be fundamental in single trace attribute analysis. The
Wigner-Radon representation that we will introduce later in this chapter as
a candidate for the local slant-stack power spectrum, naturally emerges from
the definition of the local wavenumber-frequency power spectrum.

First, we will discuss the bilinear joint representation of more than two vari-
ables. Not surprisingly, a general class of space-time-frequency shift-covariant
local spectra can be defined. In analogy with the one-dimensional case, the
properties of the local spectra from this class are determined by a kernel
function. Once the generalized multi-dimensional local spectrum has been
defined, we will concentrate on the local wavenumber-frequency representa-
tion of two-dimensional functions of space and time. The kernel functions
that are commonly used in time-frequency analysis can be easily extended to
two-dimensional functions. The general class leads to an infinite number of
choices for a local spectrum. In this chapter we shall investigate three possible
kernel choices in more detail; the pseudo Wigner distribution, the spectro-
gram, and the generalized Wigner distribution (Jacobson and Wechsler 1988;
Stankovi¢ et al. 1995). Once the properties of the local two-dimensional spec-
trum are known, the extension to higher dimensions is straightforward.

5.2 Multi-dimensional Wigner distribution and general class

In this section the Wigner distribution of a function that depends on three
-spatial dimensions and time is defined. Time and space variables will be
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treated separately, because of the opposite sign in the exponent in the spa-
tial and temporal Fourier transformations. First, we introduce the three-
dimensional spatial Fourier transform operator of a function u(a),a € IR?,
as

]-';;t {u(a)} (b) = / exp(xj2na - b)u(a)da. (5.1)
aclR?

The spatial Fourier transform representation of u(a) will be denoted by @(b).
In situations where the transform variable can be unambiguously derived by
considering the functional dependence of the result of the transformation,
e.g. u(b), we will use a short-hand for Eq.(5.1), i.e.

i(b) = 7 {u(a)}, (5.2)

where we have dropped the functional dependence (b) on the right-hand side.
The signals we consider will be represented by the generic function u(z,t),
where z € IR® denotes the spatial dependence and ¢ € IR is the time variable.
Although the value of the function u(x,t) at a point in the (a,t) space is a
scalar, it is common practice to refer to these signals as multi-dimensional
signals, because of their functional dependence on more than one independent
variable (Priestley 1989).

Given a signal, u(z, t), defined for @ = {21, 29,23}, —00 < z; < 00,4 =1,2,3
the local space-time auto-correlation function is given by

Rl{u,ul(z,;€,7) = u(z + 3&,t + Jr)u(z — 3€,1 — 37), (5.3)

where &€ = {&1,£2,€3} is a point in the space of spatial shift variables and 7
is the temporal shift variable.

The Wigner distribution of the signal u(x,t) is the Fourier transform of the
local auto-correlation function with respect to the space-shift and time-shift
variables, i.e.

W, ul (@, t; k, f) = F Fr {R{u, u}(z,;€,7)}, (5.4)

where k = {k1,k2,ks} is a point in the spatial frequency or wavenumber
space and f is the temporal frequency.

Let u(k, f) be the Fourier transform of u(z,t). A local spectral correlation
function, R{%u, 4 }(k,v;k, f), can then be defined as

R{a,@}(k, vk, f) = alk + br, f + d)@t (k= 3. f = 30}, (5.5)
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where k = {K1, K2, K3} is a point in the space of wavenumber-shift variables.
The Wigner distribution in terms of the local spectral auto-correlation func-
tion can now be found as an inverse Fourier transformation of the spectral
auto-correlation function over the frequency shift variables,

W{u,u} (@, t; k, f) = Fg Ff {R{&, 0} (x,v; K, f)}. (5.6)

The joint space-time-wavenumber-frequency correlation function or ambigu-
ity function of the multi-dimensional signal u(z,t), can be expressed as the
Fourier transform of the space-time correlation function over the space and
time variables. The ambiguity function in terms of the local space-time auto-

correlation function is given by
Alu,ul(k,v;€,7) = FEF {R{u,u}(z,t;€,7)}. (5.7)

Starting from the frequency representation of the data, @(k, f), the ambigu-
ity function is found by Fourier transformation of the frequency correlation
function over the wavenumber and frequency variables,

A{u, u}(k,v; €,7) = Ff Fe {R{@,d}(k,v; k, f)}. (5.8)
From Eq.(5.7) it follows that
R{u,u}(x,t;€,7) = F Ff {A{u,u}(x,v;€,7)}. (5.9)

Substituting Eq.(5.9) into Eq.(5.4), we observe the multi-dimensional ambi-
‘ guity function and the Wigner distribution are Fourier duals. The relation
between the ambiguity function and Wigner distribution function is given by

Wiwuh(a, bk, ) = Fy B FEF {Afwube, i n)} . (5.00)

Equation (5.10) suggests that in the multi-dimensional case a general class
of local power spectra can be defined, along the lines of the general class of
Cohen for one-dimensional functions (Cohen 1966, 1989). The generalized
multi-dimensional local power spectrum, P{u,u}(z,t; k, f), can be found by
a Fourier transformation of the characteristic function,

| Plu,u}(@, t; k, f) = F FS Fé Fr AM{w,ul(k,v;€,7)}, (5.11)

.
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where M{u,u}(k,v;§,7) is the characteristic function, given by
M{u,ul(k,v;§,7) = ¥(K,v;§,7) A{u, u}(k, v €, 7). (5.12)

The properties of the local frequency representation P{u,u}(x,t;k, f) are
determined by the associated kernel function ¥(«, &; v, 7). The derivation of
expressions for the generalized representation in terms of the Fourier trans-
forms of the ambiguity function follows the analysis for the generalized time-
frequency representation in Chapter 3. The Wigner distribution, local space-
time auto-correlation function, local wavenumber-frequency auto-correlation
function, and ambiguity function are related through their Fourier trans-
forms. Consequently, the transform equivalents of the kernel function act
as a convolutional filter on the Fourier duals. The representations of these
filters follow the set of Fourier transformations between ambiguity function
and the other representations (see Eqs.(5.7), (5.8), and (5.10)). This set of
Fourier transformations now becomes quite large, because we now have a
four-dimensional ambiguity function, and the corresponding number of pos-
sible combinations of Fourier pairs is sixteen. However, with a view on the
practical applications there are only four filters that will be relevant. Apart
from the ambiguity domain filter ¥(k,v; €, 7), we have

U(x, ;€,7) = F F) {¥(k,v3€,7}, (5.13)
in the space-time domain,
U(k,v;k, f) = F§ F (s, v:€,7}, (5.14)

in the wavenumber-frequency domain, and in the joint space-time-wavenumber-
frequency domain we have

U(z, t;k, f) = Fo FfFd Fr ARk, v €, 7))} (5.15)

In the next section the properties of the Wigner distribution of a multi-
dimensional signal will be discussed. Once again, it is possible to retain
the properties in the generalized local power spectrum by posing certain
constraints on the kernel.
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5.3 Properties of the Wigner distribution of a multi-dimensional
function and associated kernel constraints

Derivation of the properties of the Wigner distribution of a function that
depends on more than one independent variable is completely analogous to
the one-variable case. As a result, the kernel constraints that need to be
imposed to retain these properties in a representation from the generalized
class can be easily extrapolated from the constraints that were derived for
the one-dimensional general class. We will therefore confine ourselves here to
some important properties and refer to Chapters 2 and 3 for a more thorough
discussion.

Property 1: Realness. From Eq.(5.4) and the definition of the local space-
time auto-correlation function Eq.(5.3), it follows that

W*{u,u}(z, t; k, f) =FF Fy {R*{u,u}(@,t;—€,—7)}
:,7-“2‘]-"; {R{u,u}(z,t;&,71)} (5.16)
=W{u,u}(z,t; k, f).

Hence, W{u,u}(x,t; k, f) is real. We can conclude with Eq.(5.10) that
A*{ua U}(—'K), -V _‘sv "7-) = A{u’ ’u}(h:, v, ga T)' (517)

From the definition of the generalized representation Eq.(5.11) it follows that
this quality of Eq.(5.16) is preserved, provided that

\IJ*(—I{., -3 -'£7 —T) = ‘I’(I‘i,l/;g,’T). (518)

Property 2: Energy and marginals. From Eq.(5.7) it follows that

A{u,u}(0,0;0,0) =FF F; {R{u,u}(=,t0,0)}

= |u(, t)[*dedt (5.19)
zclR® JtcIR
:Eua




5.8. Properties of the Wigner distribution of o multi-dimensional function and
associated kernel constraints 133

where E, defines the total energy of the signal u(z,t).
In a similar way, starting from Eq.(5.8), we arrive at

A{u,u}(0,0;0,0) =F; F} {R{q,a}(0,0;k, f)}

= / / |i(k, f)|*dkdf (5.20)
keIR® JfelR
=E,.

Considering the inverse transformation of Eq.(5.10), we conclude

A{u,u}(0,0;0,0) = _7:;'.7-"{.7:,;.7-? {(W{u,u}(z,t;k, )} (0,0;0,0) = E,.
(5.21)

Retaining this property for the generalized representation yields the condition

¥(0,0;0,0) = 1. (5.22)
The wavenumber-frequency power spectrum E(k, f) is found by

E(k, f) = FFF7 {(W{u,u}(z,t; k, f)} (k = 0,v = O; k, f). (5.23)
Then substituting Eq.(5.6) into Eq.(5.23) we obtain

E(k, f) = R{@,a}(0,0:k, f) = |a(k, )I* (5:24)
On the other hand, substituting Eq.(5.10) into Eq.(5.19) gives

E(k, f) = F¢ F7 {A{u,u}(0,0;€,7)}. (5.25)

The preservation of this quality in the generalized representation forces the
kernel to be constraint according to

U(0,0;¢,7) =1, for ¢ € IR® and 7 € IR. (5.26)
By the same token the instantaneous energy in the space-time domain is
given by

E(z,t) = .7:,;.7:;’ {(W{u,u}(x, t; k, f)} (2, t;€ = 0,7 =0). (5.27)

When we substitute Eq.(5.4) into Eq.(5.27) we obtain

E(z,1;0,0) = |u(z, )], (5.28)
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while substitution of Eq.(5.10) leads to
E(z,t) = F  F;f {A{u,u}(k,v;0,0)} . (5.29)

To retain this property in the generalized representation constraints the ker-
nel according to

U(k,v;0,0) =1, fork € R3and v € IR. (5.30)
Note that the constraint of Eq.(5.22) is contained in those of Eq.(5.23) and
Eq.(5.30).

Property 3: Space-time and wavenumber-frequency shifts. If a func-
tion u(z,?) is translated over a distance &g and time f, its Wigner distribu-
tion is shifted accordingly, i.e. if we have

U’(‘th) = uO(a’ —{L'[),t—t(]), (531)
then the Wigner distribution is given by
W {u, u (@, t . £) = Witio, uo} (@ — @0, — to; , f). (5.32)

If a function u(x,t) is modulated in space and time with frequencies kg
and fy, its Wigner distribution is shifted proportionally in wavenumber and
frequency , i.e. if we have

u(®,t) = uo(x, t) exp(—j2n(koz — fot)), (5.33)
then the Wigner distribution is given by
W{u7u}(wa 1 k7 f) = W{“Oa U'O}(wat;k‘ - k0> f - fO) (534)

From the definition of the generalized representation Eq.(5.12) and the Fourier
transform relation between characteristic function and local power spectrum
Eq.(5.11) it directly follows that these shift properties are retained for any
kernel function ¥(k,v; &, 7).

Property 4: Convolutions and products. The Wigner distribution of
the convolution or product of two signals is given by respectively the space-
time and wavenumber frequency convolution the Wigner distribution of the
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separate signals. Let the signal u(z,t) be the convolution of two signals given
by

u(z, t) = / / u(z — ' t — tug(z’, t')dz’dt, (5.35)
@'clR® JteR
then the Wigner distribution of u(z,t) is given by

W{U,U}({B,t;k,f)=/ W{Ul,ul}($—$’,t—t,;k,f)
z'clR® JYelR

W {ug, us M, ¥'; k, f)dz'dt’.
(5.36)

If a function is the product of two signals in the space-time domain, i.e.
U(:B,t) = ul(wat)U’?(wat)a (537)

the Wigner distribution is given by

Witk )= [ Wmwnle k=K - 1)

W {ug, ug }(z, t; k', f') dk’ df'.
(5.38)

These convolution and product properties hold for all representations in the
general class.

5.4 Examples of the Wigner distribution of a two-dimensional sig-
nal

In the remainder of this chapter we will concentrate on signals that can be
represented by a function of two independent variables. As was shown in
the previous section, the extension to more than one spatial dimension can
be readily made as the general properties do not depend on the spatial di-
mension. For a two-dimensional signal that is a function of spatial variable
z1 and time ¢ we will have a four-dimensional Wigner distribution function,
W{u,u}(x1,t; k1, f), with k; representing the spatial frequency in the di-
rection z;. In the following, the subscript of the spatial coordinate will be
dropped, as the analysis will be limited to a single spatial coordinate. The
whole analysis of the previous section applies.
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For some basic multi-dimensional signals the Wigner distribution can be cal-
culated analytically. We will do this for two basic signals; a signal that is the
sum of two exponentials and a two-dimensional Gaussian signal.

Sum of two exponentials
Consider a signal that is composed of two exponential signals, given by
u(z,t) = exp(—j2wkiz) + exp(j2n fit). (5.39)
The local space-time auto-correlation function of this signal is given by
R{u, u}(z, 8§, 7) = exp(—j2wki§) + exp(j2n f17) +
2cos [2m(kiz — fit)] exp [—jm (ki€ — f17)] .-
According to Eq.(5.4) the Wigner distribution of the signal is found as
Wi, u}(z,:k, f) =F¢ Fr {R{v,u}(z,¢,7)} =
6(k — k1) +6(f — f1) + (5.41)
2cos [2m(kiz — fit)]8(k — 3k, f — 3 F1)-

The space-time modulating component is a cross term between the spatial
and temporal frequency of the signal, which reflects the modulation of the
signal envelope, and hence its energy with changing position in z and ¢. The
non-modulating components reflect the constant energy at the frequencies £;
and f;. Figure 5.1 shows an example of this signal with £, = 3 [m~!] and
f1 =18 [s7!] and a (k, f)-slice through its Wigner distribution.

(5.40)

Two-dimensional Gaussian signal

The Wigner distribution of the two-dimensional Gaussian signal

u(z,t) = exp [—7 (022% + 0}t%)] (5.42)

2
2 exp [—27r <0§a:2 + k—Q)]
OO0t (o

f2
exp [—2# (ath + ?>] .
t

This expression can be obtained by using the result for the one-dimensional
Gaussian signal (Eq.2.107) and the fact that the integral defining the Wigner
distribution is separable (Jacobson and Wechsler 1988).

is given by

WHu,u}(z,t;k, f) =

(5.43)
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Figure 5.1: Wigner distribution of the sum of two complex exponentials; (a) real
part of the signal, (b) W{u,u}(0,0;%, f).
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Figure 5.2: Wigner distribution of a two-dimensional Goussian signal; (a) signal,

(b) W{u,u}(0,0;k, f).



138 5. MULTI-DIMENSIONAL LOoCAL POWER SPECTRA

5.5 Kernels for two-dimensional local power spectra

The evaluation of the Wigner distribution of a two-dimensional signal re-
quires a local auto-correlation and Fourier transformation over an infinite
two-dimensional window. In a practical implementation the evaluation will
always take place over a finite window. This finite space-shift and time-shift
window is the simplest form of kernel function. The resulting representation
is called a pseudo Wigner distribution. Analogous to the one-dimensional
time-frequency analysis, there is an infinite number of other kernel func-
tions to be chosen from. An important aspect of a kernel is its capacity
for cross term suppression. In the one-dimensional case it was shown that
optimum cross term suppression can be achieved by the application of a low-
pass weighting function on the ambiguity function. In order to do the same
for a (sliding-window) two-dimensional analysis would require the computa-
tion of a four-dimensional ambiguity function and a two-dimensional Fourier
transformation for every space-time point. The computation time involved
in this optimization process would exceed the limit that is acceptable for a
practical implementation on seismic data. Therefore, we have limited the
implementation to fixed kernels.

We will consider two initial domains for the analysis. First, the straight-
forward approach in the space-time domain is taken. Here, the local power
spectrum is obtained after three basic operations on the local space-time
auto-correlation function (Eq.(5.3)) of a windowed portion of the signal. The
first step is a convolution over the space-time variables with the space-time
kernel function given by Eq.(5.13). The convolution is combined with a
weighting over the correlation variables by the kernel. Finally, the local
power spectrum is obtained by a Fourier transformation over the correlation
variables of the modified space-time correlation function. The local power
spectrum P{u,u}(z,t;k, f) can be expressed in terms of the space-time auto-
correlation function and space-time kernel function as

Plu,u}(z, t;k, f) =
FEFS {/ / U(z —a',t —t, & 1) R{u,u} (2, t';€, T)dfl'ldt,} .
velR JreR
(5.44)

A flow chart illustrating the implementation through a smoothed local auto-
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space-time correlation
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Figure 5.3: Flow chart of the implementation of the multi-dimensional local power
spectrum through a local space-time domain auto-correlation function.
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correlation function is shown in Fig. 5.3. In a numerical implementation
the first three steps can be combined into the computation of a smoothed
correlation over a finite number of shifts for each point in the (z,¢)-domain
to be analyzed.

Another Wigner type representation can be obtained by a windowed correla-
tion of a sliding-window wavenumber-frequency spectrum. In this case, the
kernel is introduced in the local spectral auto-correlation domain (Eq.(5.5))
by convolution with respect to the frequency variables. The local power
spectrum is then obtained by an inverse Fourier transformation over the
frequency-shift variables. The smoothing in the space-time domain is intro-
duced by weighting the frequency-domain correlation function with respect
to the frequency-shift variables. The local power spectrum can be expressed
as

Plu,u}(z,t; k, f) =

et {/ / U(k,v;k — K, f — f')R{a,a} (K, f'; , u)dk’df’} ,
k'elR 'cIR (5 45)

In the implementation of Eq.(5.45), the kernel ¥(x,v;k, f) is brought into
the computation through two window functions. The smoothing over fre-
quency is determined by the window w(z,t) of the sliding-window Fourier
transformation,

U(z = 2o, t = to; k, f) = Ff Fy {wl(z,1)}. (5.46)

The smoothing over « and ¢ is controlled by the size and shape of the window
w(k, ) that is applied on the frequency correlation function, i.e.

U(z,t;k = ko, f = fo) = Fi 7, {w(s,v)}. (5.47)

A flow chart illustrating a numerical implementation of the local wavenumber-
frequency representation through a sliding window Fourier transformation is
given in Fig. 5.4. Generally, window functions will be used that are indepen-
dent of space, time, wavenumber and frequency. In that case the smoothing
kernel in the joint space-time-wavenumber-frequency domain is given by

\I/(.’L‘,t; k:, f) = \I’(.’E = .I,'(),t = to; k, f)\I/(SL‘,t; k= k(),f = f()) (548)
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u(z,t)

sliding (z,t)-window
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uy(z,t) = u(zo — z,ty — t)w(z,t) I

Fourier transformation

!

(k. f) = FLF {uu(z,0)} ]

2D spectral auto-correlation

!

R{i, u}(k,v;k, f) = G (k + 35, f + 50)05(k — 35, f — 3v) |

weighting
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!

P{U,U}(.’Bo,to,k,f) :j::fy— {R\I;{’EL,'&}(K/,V,k,f)} (iE :07t:Oak7f)I

Figure 5.4: Flow chart of the implementation of the multi-dimensional local power
spectrum through a wavenumber-frequency domain correlation function.
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In the next sections some choices for the kernel function and their properties
will be discussed and illustrated with numerical examples. The kernels are
all separable in the space and time coordinates, i.e. they are products of two
mutually independent kernels, given by

U(k,v;€,7) = U(k; E)U(v;7). (5.49)

5.5.1 Pseudo Wigner distribution

The closest computable approximation to the Wigner distribution is the
pseudo Wigner distribution. It is the Wigner distribution computed over
a finite window of space-shifts and time-shifts

Plu,ul(z,t;k, f) = FFF {0 ) R{u, ul(z, £, 7)}- (5.50)

The kernel ¥(&, 7) is a symmetrical real-valued window function. The prop-
erties of the two-dimensional pseudo Wigner distribution are essentially the
same as those of the one-dimensional pseudo Wigner distribution.

In Fig. 5.5 slices through the pseudo-Wigner distribution of an annular space-
time shape is shown. The annular amplitude profile is given by

l((.’L‘ —x20)? + (t — )% — r2)|

5.51
~ , (551)

u(z,t) = exp | —2m

where r is the radius. In the example the signal was discretized on a grid
of 128 by 128 samples and the kernel was implemented on a 32 by 32 slid-
ing window of data. The pseudo Wigner distribution provides an image of
the frequency content that is sharply localized in both the space-time and
frequency domains. However, as was to be expected, the pseudo Wigner
distribution of a multi-component signal contains cross terms between the
components. The analysis of the domain allocation of the cross terms of
section 2.6 also applies for the multi-dimensional case.

The cross terms are located midway between the auto terms in joint space-
time-wavenumber-frequency domain. For a signal that is composed of two
components

u(z,t) = ui(z,t) + ua(z, t), (5.52)
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(a): signal (b): (x=0,t=0)

-20
2 fl1ss]

k[1/m]

(c): (x=-0.12,t=-0.12) (d): (x=0,t=0.16)

k[1/m]

Figure 5.5: Pseudo Wigner distribution of an annular region; (a) signal,
(b) W{u,u}(0,0;k,f), (c) W{u,u}(-0.12,-0.12;k,f), and (d)
W{u,u}(0,0.16; &, f).
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the Wigner distribution is the sum of the Wigner distributions of the com-
ponents and a cross term

W{’U;,U}(:L‘,t, k’ f) =W{u1,u1}(:c, t, k’ f) + W{u27u2}($7t; k, f)

+ WRe{W {un, s}, 15k, 1)} (5:58)

This cross term, W{uy, us)(x,t; k, f), is the cross-Wigner distribution of the
two components, given by

W{U1,U2}((E,t;k,f) = fgf;{R{uhu?}(x’t;é’T)}’ (5'54)

where R{u1,u2}(z,t;&,7) is the local space-time cross-correlation function,
defined as

R{uy,ug}(z,;&,7) = wa(z + 36, — dn)uj(z — 3¢, ¢~ 37). (5.55)
For a signal that is composed of two exponentials

u(z,t) = exp [—j2n(k1z — fit)] + exp [—j2n(kez — fat)], (5.56)
the cross-Wigner distribution between the two components is given by

W{u1,u2}(z,t; k, f) =2 cos [2n((k2 — k1)z — (f2 — f1)t)

§(k—5(ki+ka), f—3(f1+ f2))- (5:57)

Equation (5.57) shows that the cross terms appear midway between the
(z,t,k, f)-locations of the components and are modulated proportionally to
the distance in the (k, f)-plane between the components. Figure 5.6 shows
three (k, f)-slices through the pseudo Wigner distribution of a signal that is
composed of two cosines,

u(z,t) = cos [—2n(4x — 10¢)] + cos [—2x(10z — 20¢)]. (5.58)
The signal was discretized on 128 by 128 grid. The kernel was implemented

on a 32 by 32 sliding window of data. Note that there are also a cross terms
between the positive and negative frequencies of the signal.
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(a): signal (b): (x=0,t=0)

t [s] 0.4 k [1/m]

(©): (x=-0.25,t=-0.25) (d): (x=0.125,t=0.125)

Figure 5.6: Pseudo Wigner distribution of the sum of two cosines (Eq.(5.58)); (a)
signal, (b) W{u,u}(0,0;k, f), (¢c) W{u,u}(—0.25,-0.25;k, f), and (d)
W{u,u}(0.125,0.125; k, f).
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5.5.2 Spectrogram

The two-dimensional spectrogram is the squared modulus of a Fourier trans-
formation over a sliding window of data

Plu,ul(a, t;k, f) = |FiFy {u(@, Yol — ot — )} (5.59)

In terms of the generalized class (Eqgs.(5.11) and (5.12)), the kernel that
generates the spectrogram is given by

‘II(K'a V;ga’r) = A{waw}("”’a "‘V;é."r)y (560)

where A{w,w}(k,v;¢, 7) is the ambiguity function of the window function
w(z,t). The spectrogram can therefore also be considered as a smoothed
version of the Wigner distribution. In case the window function is real
valued and symmetric, the smoothing kernel is the Wigner distribution of
the window function w(z,t). The smoothing can then be expressed in the
(z,t,k, f)-domain as

P{u,u}(z,t;k, f) =

/z'ezR /t'elR /'elR/rem W{w,wi(e—a't =tk =K, [~ f)

Wi{u,u} (', ¢; &, f)dz'dt'd&’'d f’.
(5.61)

Figures 5.7 and 5.8 show spectrogram slices for the annular region and the
two-component cosine signal. The spectrogram was computed with a Gaus-
sian shaped window of 32 by 32 samples. The localization of energy in the
joint space-time-wavenumber-frequency domain is governed by the size of
window. Rapid variations in either domain cannot be resolved by the spec-
trogram. This is clearly illustrated by the spectrogram of the two-component
cosine signal, where the space-time behaviour of the signal is not reflected
in the representation. However, the absence of cross term interference gives
the spectrogram an important advantage over other representations. In the
multi-dimensional case this property is even more important than in the rep-
resentations of one-dimensional signals as visual separation of cross terms
and auto terms will be very difficult in a four-dimensional representation.
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(a): signal (b): (x=0,t=0)

0

k [1/m]

(©): (x=-0.12,t=-0.12) (d): (x=0,t=0.16)

Figure 5.7: Spectrogram of the annular region (Eq.(5.51)); (a) signal,
() P{u,u}(0,0;k,f), (¢) P{u,u}(—0.12,-0.12;%,f), and (d)
P{u,u}(0,0.16;%, f).
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(a): signal (b): (x=0,t=0)

-20 f

[1/s]

0
0.2
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t [s]
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(©): (x=-0.25,t=-0.25) (d): (x=0.125,t=0.125)

k[1/m]

Figure 5.8: Spectrogram of the sum of two cosines (Eq.(5.58)); (a) sig-
nal, (b) P{u,u}(0,0;k,f), (¢) P{u,u}(~0.25,~0.25;k, ), and (d)
P{u,u}(0.125,0.125; k, ).
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5.5.3 Generalized Wigner distribution

The generalized Wigner distribution is found by independently smoothing the
Wigner distribution along the space-time and wavenumber-frequency axes.
The kernel function of the generalized Wigner distribution (Jacobson and
Wechsler 1988) can be represented as

U(z, bk, f) = U(z, 1) V(K f). (5.62)

The kernel is usually implemented in the space-time correlation domain
(Eq.(5.44)). The generalized Wigner distribution is therefore also known as
smoothed pseudo Wigner distribution. Independent smoothing in the space-
time and wavenumber-frequency domains provides optimal control over the
trade-off between energy localization and cross term interference in the rep-
resentation. Figure 5.9 shows slices through the smoothed pseudo Wigner
distribution of the two-component cosine signal. The smoothing suppresses
nearly all cross-term interference in the wavenumber-frequency domain. How-
ever, removing the cross terms implies that the phase information is lost in
the representation. As a result, the local wavenumber-frequency power spec-
trum slices are nearly identical for the three different space-time locations.

A different Wigner-type representation is obtained by correlation of the
sliding-window Fourier transformation of the signal (Stankovi¢ et al. 1995).
If @y (k, f) is the Fourier transform of a windowed portion of the data, i.e.
U (z,t) = u(z/, ' )w(z’ — x,t’ —t), then the Wigner distribution of u,(z,t)
is given by

Plun, u} (@, 5k, f) = F Ff (b + 36, f + S0)ily (6 — s

~
|
D=
R
~—
——

In the centre of the window, at (z = 0,¢ = 0), the local wavenumber frequency
spectrum is found as

P{ty, uy }(0,0,k, f) =

Fr Ff {aw(k + 36, f + 3v)ag(k— L6, f — 30)} (& = 0,¢ = 0;k, f),
(5.64)

N

which implies that in a discrete implementation the inverse Fourier transfor-
mation over the wavenumber and frequency shift variables can be replaced
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(a): signal (b): (x=0,t=0)

0.2 20
t[s] k[1/m]

(©): (x=-0.25,t=-0.25) (d): (x=0.125,t=0.125)
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Figure 5.9: Smoothed pseudo Wigner distribution of the sum of two
cosines (Eq.(5.58)); (a) signal, (b) P{u,u}(0,0;k,f), (c)
P{u,u}(-0.25,-0.25; k, f), and (d) P{u,u}(0.125,0.125;k, f).
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by a summation over x and v. Eq.(5.64) can be applied to every space-time
sample of an image, and the result will be a Wigner type representation with
better localization properties, when compared to the spectrogram. However,
the correlation in the wavenumber-frequency domain will also result in cross
terms. A judicious choice of the windows w(r) and w(k), can however mini-
mize cross-term interference. Slices through modified sliding-window Fourier
transformation of the annular shaped profile are shown in Fig. 5.10. The lo-
calization of energy is marginally sharper than in the spectrogram (Fig. 5.7).
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(a): signal (b): (x=0,t=0)

k [1/m]

©): (x=—0.12,t=-0.12) (d): (x=0,=0.16)

Figure 5.10: Generalized Wigner representation of the annular region (Eq.(5.51))
obtained by correlation in the sliding-window Fourier transformation.;
(a) signal, (b) P{u,u}(0,0;%, f), (¢} P{u,u}(—0.12,-0.12; k, f), and
(d) P{u,u}(0,0.16;%, f).
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5.6 The local slant-stack power spectrum

The single Radon transform, or slant stack is a widely used data representa-
tion in exploration seismology. The Radon transformation plays a prominent
role in the analysis of acoustic wave-fields, because it essentially performs a
decomposition of the data into its plane-wave components. The application of
the Radon transformation in geophysics was pioneered by Chapman (1978).
He did not only recognize it as a method that can be used for synthesizing
depth models from seismograms, but also contributed much to that is known
today about the general properties and computational aspects of the Radon
transformation (Chapman 1979, 1980). Nowadays, the Radon transforma-
tion is applied in a broad range of applications that are concerned with the
intrinsic coupling of space and time in seismic data.

In certain applications the global Radon transform is not the ideal analysis
tool. Sometimes it is not sufficient to know which plane wave components or
dips are present in the data, but also where they occur. For instance, using
a Radon transformation for the analysis of a stacked and migrated seismic
section only makes sense if the locations of the dipping events are known. In
this type of applications a localized Radon transformation would be required.
Localized Radon transformations have been defined and applied for different
purposes (McMechan 1983; Milkereit 1987; Copeland et al. 1995). These
local Radon representations are all based on the application of the classical
slant stack on windowed portions of the data. In the same way as the sliding-
window power spectrum is a member of a very large class of possible local
power spectra, the sliding-window Radon transformation is just one choice
from an infinite number of possible localized Radon transformations. This
class of localized Radon representations will be defined in terms of the general
class of multi-dimensional local power spectra that was introduced earlier.

5.6.1 The Radon transformation

The Radon transform of a function u(e,t) in a three-dimensional geometry,
where = {z, %2, 23}, can be expressed as

R{u} = u(p,7) = /melR3 u(x, T + pix;)de, (5.65)

where p is the three-dimensional ray-parameter or slowness vector, given by
p = {p1,p2,p3} and 7 is the intercept time. The Radon transformation in
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the formulation of Eq.(5.65), is also known as 7 — p transformation or slant
stack. Taking the Fourier transformation with respect to the intercept time
7, Eq.(5.65) transforms into

itp.f)= [ eslizefp-o)ita,f)dz, fe " (5.66)

Equation (5.65) is a Fourier transformation of the function @(2, f) over the
spatial coordinates {z1,z2,23}. The relation between wavenumber vector
k = {k1,ks,ks} and slowness vector p is given by

k=fp, (5.67)

and reveals the intimate relation between the temporal Fourier transforma-
tion of the slant stack, u(p, f), and the wavenumber-frequency spectrum

u(k, f):
i(k, f) = u(fp, f) = i(p, f), f € R. (5.68)

In the next section we will propose a local Radon transformation, that
is based on a relation between the multi-dimensional Wigner distribution
and the local slowness-frequency power spectrum, similar to the relation of
Eq.(5.68).

5.6.2 The Wigner-Radon representation and general class

In the previous sections the framework for local wavenumber-frequency anal-
ysis was derived. With the relations between the global Fourier transforma-
tions and the Radon transform in mind (Egs.(5.65)-(5.68)), a local slant stack
can be defined within the general class of local frequency representations. In
view of our later definition of the local slant stack we want to restrict the
frequency parameter f to positive values only. The domain occupied with
positive frequencies is introduced as

Rt={fecR, f>0}. (5.69)

We leave the frequency-shift parameter v € IR. In Appendix B it is shown
how this restriction is accommodated in the Fourier transform relations
between Wigner distribution, instantaneous auto-correlation, local spectral
auto-correlation and ambiguity function, without loss of generality of the
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analysis of Chapters 2, 3, and the previous section. The restriction to pos-
itive f can only be made for signals that are real-valued or analytic. How-
ever, in all practical cases these are the only signals that we are interested
in. Hence, we can distinguish two cases in our analysis: u(z,t) is real valued
and u®(zx,t), which is the analytic function associated with the real valued
function u(z,t). First, we deal with u(t) is real. We have

R{u,u}(z,t;€,7) = u(® + L&, ¢t + Ir)u(e — 3, — 37) (5.70)
and we have (cf. Eq.(B.13))

W{u,u}(m,t;k,f) = .7:2',7:; {R{u,u}(m,t;f,r)}, f € IR+7 (5 71)
R{u,u}(z, t;€,1) = 2ReFy Ff {xp+ (W {u,ul(@, K, )},

where x i+ is the characteristic function of the domain IR and is given by
Xm+ = {1,3,0} when {f >0,f =0, <0}. (5.72)

The relation between the Wigner distribution and local wavenumber-frequency
auto-correlation function is given by

W{u,ul(z,t; k, f) = Frg FF {R{a, 0} (s, v; k, [}, [ € RT,

o - (5.73)
R{a, u}(k,v;k, ) = Fg Fy {W{u,u}(e,t;k, f)}, f € R*.
Next we introduce, using k = fp,
S{u,u}(@, t;p, ) = W{u,u}(z,; fp, f), f € R* (5.74)

and its time domain equivalent as

${u,ul(@, t;p,7) = Re {Ff {xp+(NS{uw,uk(@,tip, N} ). (5:79)
Using Eq.(5.73) and the transformations of Eq.(5.70), we arrive at
Stuuta i) = [ Rluu(etér+p- e (5.76)
£C€IR
Note that S is real-valued. We will refer to Eq.(5.75) as the Wigner-Radon

representation. Comparison of Eq.(5.76) with the expression of the global
slant stack Eq.(5.65) shows that the Wigner-Radon representation can be
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interpreted as a slant stack of the local space-time auto-correlation function
over the space-time shift variables.

Next, we consider the case that we are dealing with u®(z,t). The analytic
signal is most easily introduced in the frequency domain (see Section 2.2.3),
hence,

Wz, f) = 2x g+ ()i, f), (5.77)
from which it follows that (cf. Eq.(B.17))

R{a®, @}k, vi k, f) = dx g+ (/4 ) R{G, a}(k,v; k, f),  (5.78)
with II, the box-car function defined by Eq.(B.18). Now we can write

WA u®} (e, t; k, f) = Fy FF {R{a®%, @°}(k,v; k, f)},

o C (5.79)
R{u®,a%} = Fg Fy {W{u*,u*}Hz,t;k, f)}.
In the same way we have
W{u®, v}z, t; k, f) = .7-'5"'.7-'; {R{u*,u*} (2, t;€,7)}, (5.80)
R{u®,u®} = Fe Ff AW {u®, u} @, t; K, £)}. '
Hence, the with k = fp, we find
S{u®,u®} = (2, t;p, f) = W{u*, u*Ha, t; fp, f). (5.81)

The Wigner-Radon representation of the analytic signal can now be expressed
as

S{u®,u} (@, t;p,7) = Ff {S{u’,u*Ha,t; p, )} - (5.82)

Using Eq.(5.80), we see that the Wigner-Radon representation can be ex-
pressed in terms of the local space-time auto-correlation function as

St tipn) = [ RGO @ BT 4O (383)

in which we again recognize a slant stack with respect to the space-time shift
variables. Note that in this case S is complex-valued.
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The relation between the local slant-stack power spectrum and ambiguity
function can be derived using Eq.(5.7). The ambiguity function is a Fourier
transformation of R{u,u}(x,t;&,7)} with respect to the space-time coordi-
nates & and ¢t. Because these two variables play no role in the definition of
the local slant stack of Egs.(5.74) and (5.82), we can simply write

g{uau}(wvt;p’T) - f;fj {/gele A{u,u}(n,y;g,T—i-p'&)d{},
(5.84)

where u is either a real-valued function or the analytic function associated
with the real-valued u. From here on, we will use the symbol u to denote
these signals and the analysis applies also to both real-valued u and analytic
u, after taking into consideration the consequences of the positivity of the
frequency parameter f (see Appendix B).

Equation (5.84) shows that we can include the local slant stack in the gener-
alized class of local power spectra of Eq.(5.11). The generalized local slant-
stack power spectrum of the signal u(x,t) is defined as

P{u,u}(w,t;p, T) = Fo Ff { . M{u,u}(k,v;€,7+p- E)dﬁ} ,

(5.85)

elr

where M{u,u}(&, ) is the characteristic function, defined by Eq.(5.12). We
can interpret the generalized local slant-stack power spectrum as a slant stack
with respect to the space and time shift variables of a weighted ambiguity
function.

5.6.3 Properties of the Wigner-Radon representation

Because of the close relation between the generalized local slant-stack power
spectrum and the generalized local wavenumber-frequency power spectrum,
the properties of the generalized local slant-stack power spectrum can be eas-
ily derived from the properties of the generalized local wavenumber-frequency
power spectrum (see section 5.3).

The space-time marginal can be derived from Eq.(5.29) and the definition
of the local slowness-frequency power spectrum according to Eqs.(5.74) and
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(5.81). We have

B[ [ St s i 556
=R{u,u}(z, ;€ = 0,7 = 0) = Ju(z, 1)

To retain this property in the generalized local slowness-frequency power
spectrum the kernel must be constraint according to Eq.(5.30) . Similarly,
with Eq.(5.24) and the definitions Eqs.(5.74) and (5.81), we find for the
slowness-frequency marginal

i 68

.= [ [ Stwue b fasdt =

This property will be retained in the generalized local slowness-frequency
power spectrum if the kernel is constraint according to Eq.(5.26).

The space-time marginal of the Wigner-Radon representation (Egs.(5.76) and
(5.82)) is given by

Bz, 1) = /,, - / ${u,ul(@, t:p, T)dpdr = |u(@, )2,  (5.88)

where we have used Eq.(5.87) and applied Parseval’s theorem (Eq.(A.8)).
The slowness-time shift marginal is given by

E(p,7) = / S{u, u}(x, t;p, 7)dedt. (5.89)
zclR® JtelR

Using Eq.(5.24) with k = fp, and the definition of Wigner-Radon represen-
tation according to Eqs.(5.76) and (5.82), we arrive at

E(p,T) :f;_ {Xm+(f)R{ﬂ,’L~b}(I€ =0,v =0;p, f)}
=Ff {ip. i (0.}

Using the correlation property of the Fourier transformation Eq.(A.5), and

(5.90)

taking the inverse Fourier transformation with respect to frequency (cf. Eq.(5.68)),

we arrive at

E(p,7) = / & (p, 7)i(p, T + 7)dr, (5.91)
T'e€IR
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which is the auto-correlation of the global slant stack (see Eq.(5.65)) with
respect to the intercept time variable 7.

None of the earlier definitions of the local Radon transform (Milkereit 1987;
Copeland et al. 1995) satisfies the marginal properties of Eqs.(5.86)-(5.91).
They are all based on the slant stack over a sliding window of data or in-
tegration over short line segments. As such, their energetic representation,
|i(z, t; p, T)|?, can be considered as a smoothed version of the Wigner-Radon
representation, which can be derived by the following analysis.

If we apply a sliding window w(z, t), centered at (o, o), we obtain a modified
signal, given by

U (e, t) = u(x, thyw(x — zg,t — to)- (5.92)

For convenience, we take o = {0,0,0} and ¢y = 0 in the following analysis.
The local slant stack of the modified signal u,, is given by

Uy (P, T) =/ w(z, 7+ p- z)u(z, 7+ p-x)de. (5.93)
zCIR®

Taking the Fourier transformation with respect to the intercept time 7 we
find the expression of the sliding-window slant stack in terms of the temporal
sliding-window Fourier transformation (cf. Eq.(5.66)),

éw(p7 .f) =
/ expli2nfp- ) / w(z, f - [Ya(z, f)df'de, f € R
xcIR3 flelR
(5.94)

The Fourier transformation over the spatial coordinate & transforms the win-
dow operation on z into a convolution in p (cf. Eq.(A.4)) and as a result we
find for the sliding-window slowness-frequency spectrum

&w(pa f) =

% 2 5.95
[ i nr - i e seme. O
p'eR® Jf'eR

Using the relation, k = fp, one sees that the sliding-window slant stack and
sliding-window Fourier transformation i, (k, f) (see Eq.(5.59)) are directly
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related through

The last relation also shows that the sliding-window slowness-frequency power
spectrum |ﬁw (p, f)|? can be expressed in terms of a multi-dimensional spec-
trogram (see section 5.5.2). This brings the sliding-window slant-stack power
spectrum into the general class of local Radon representations. The kernel
of the sliding-window slant-stack power spectrum is that of the spectrogram,
ie.

qj(”’)’/;£77—) = A{’U),’U)}(—R,-V;{, 7'), | (597)

where A{w, w}(k,v; &, 1) is the ambiguity function of the window. Note that
the analysis with respect to the marginal and non-negativity properties of the
spectrogram of Chapter 3 also applies to the multi-dimensional spectrogram
and the sliding-window slant stack.

5.6.4 Numerical Implementation

The numerical implementation of the local slant-stack power spectrum can
be carried out along similar lines as the implementation of the global Radon
transformation. Here, we will discuss the implementation for a two-dimensional
geometry, i.e. @ = {z}. For the global Radon transformation different
approaches have been described (Beylkin 1987; Haneveld en Herman 1990;
Vissinga 1992). A comparison of these approaches with regard to accuracy
and computational speed has been made by Vercruijsse (1995). The conclu-
sion of Vercruijsse is that the implementation with the method of Vissinga,
maintains the best balance between accuracy and computational speed in
practical applications. In the numerical implementation of the Wigner-Radon
representation computational speed is an important factor, as for each point
in space-time domain a Radon transformation is carried out. For that reason
the method of Vissinga will also be the most effective for the local slant-
stack power spectrum. First, a local wavenumber-frequency spectrum from
the general class is computed with one of the methods that were outlined in
Section 5.5. The local wavenumber-frequency power spectrum is either com-
puted by a 2-D FFT of a modified sliding space-time correlation function or a
windowed correlation of a sliding-window Fourier transformation of the data




5.6. The local slant-stack power spectrum 161

u(z,t)

T
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Figure 5.11: Flow diagram for the computation of the local slant-stack power spec-
trum via the smoothed pseudo Wigner distribution.
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Figure 5.12: Interpolation from a (k, f)-grid to a (p, f)-grid.

(see Egs.(5.44) and (5.45)). We prefer to use the analytic signal in the com-
putation of the local wavenumber-frequency power spectrum. Since there
is no energy at negative frequencies in the spectrum of an analytic signal,
using the analytic signal rather than a real-valued signal has the advantage
that there will be no cross terms between the negative and positive tempo-
ral frequencies in the representation. A closer analysis of the cross terms in
Wigner-Radon representation will be made at the end of this section.

The next step is to obtain of the local slowness-frequency spectrum from the
local wavenumber-frequency spectrum. A rectangular grid of (p, f)-values is
obtained through an interpolation in the (k, f)-domain. The interpolation is
illustrated in Fig. 5.12. To obtain a value at a point (p, f) (marked with a
circle in the figure), the value at the corresponding point (pf, f), has to be
computed. Since this point (pf, f) might not coincide with a grid-point in
the (k, f)-domain, interpolation is needed in the k direction. In seismic ap-
plications a linear - first-order Lagrange - interpolation usually has sufficient
accuracy (Vercruijsse 1995).

Finally, the Wigner-Radon representation is obtained by an inverse Fourier

transformation of the local slowness-frequency power spectrum (cf. Eq.(5.81)).

The computational procedure for the computation of a smoothed pseudo
Wigner-Radon representation is outlined in the flow diagram of Fig. 5.11.




5.6. The local slant-stack power spectrum 163

0,0 0,0

Figure 5.13: Bounds on the wavenumber-frequency and slowness-frequency do-
mains.

Aliasing in the slowness-frequency domain

An important aspect in the numerical implementation is that the passing of
aliased energy into the representation is to be avoided. In order to fulfill the
requirements of the Nyquist sampling theorem, the data must be sampled in
time at a sampling interval At such that

1
At < —, 5.98
2 (>98)
where f,, is the highest frequency in the signal. Given a certain a sampling
rate, the Nyquist frequency, fn, is given by

1
fN—E-

The Nyquist frequency gives the upper bound on the frequency spectrum of
a sampled signal.

(5.99)

The same requirement has to be met for the spatial sampling interval Az,
le.

1
Azrx < —. 1
< ok, (5.100)

In practice, the spatial sampling interval is seldom small enough to prevent
spatial aliasing. Usually the spatial sampling interval Az is chosen such that
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the maximum dip py, that is expected to be present in the data is not aliased,
ie.

1
Az = . 5.101
2fmPm ( )
The Nyquist wavenumber ky is given by
1
ky = oINS (5.102)

In the Radon domain the limitations kx and fn are transformed into a hyper-
bola by the mapping from (k, f) to (p, f). An expression for this hyperbola
in the (p, f)-domain is given by

1 .
\fpvl= 552 (5.103)

where py, is the maximum slowness for which the data are not spatially
aliased. In the numerical computation of the local Radon representation the
values of points that are mapped outside this hyperbola are set to zero. The
bounds on the (k, f)-domain and (p, f)-domain are depicted in Figure 5.13.

Cross terms and resolution

In section 5.3 the cross-term geometry in the two-dimensional Wigner dis-
tribution was briefly discussed. The domain allocation of the cross terms in
the multi-dimensional Wigner distribution is similar to the time-frequency
domain situation that was discussed in Section 2.6.

The cross terms occur at locations that do not correspond to where the energy
of a signal is expected to be localized in the local frequency representation. In
order to facilitate the interpretation of the local slant-stack power spectrum,
suppression of the cross terms is often needed. Similar to the geometry of
time-frequency representations, the cross terms in the wavenumber-frequency
domain are located midway between the auto terms.

The cross term between two components of a signal is given by the cross-
Wigner distribution of the components (see section 2.6). For a two-dimensional
signal that is composed of two exponentials,

u(z, t) =ui(z,t) + us(z, t)

: . (5.104)
=exp(—j2n(k1z — f1t)) + exp(—j2m(k2z — fat)),
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the cross-Wigner distribution is given by

W{ui,us}(z, 4 k, f) = 2cos [2n((k2 — k1)z — (f2 — f1)?)]
6 (k— (k1 +ka), f — 5(1 + f2)) -

The cross term is located in the wavenumber-frequency plane at (k = (k1 +
k2)/2,f = (fi + f2)/2) The mapping from the (k, f)-domain to the (p, f)-
domain alters the cross-term geometry and a cross term will no longer always
be located midway between two auto terms. In the (p, f)-plane the cross term

(Eq.5.105) will be located at ((p1f1 +paf2)/(f1+ f2), (fi + f2)/2). The cross
terms between two (p, f)-components will now be located on a hyperbola that

(5.105)

can be expressed in terms of the auto-term coordinates (p1, f1) and (ps, f2).

Suppression of cross terms is usually achieved by a smoothing of the repre-
sentation and as a result the localization of energy in the representation will
decrease. However, cross term suppression can in many cases improve the
resolution of the representation dramatically. The improvement of resolution
through cross term suppression is illustrated with the pseudo Wigner-Radon
representation of a signal that is composed of two cosines (Fig. 5.16). The
signal is given by

u(z,t) = cos [—2n(4z — 10¢t)] + cos [-2m(10z — 20t)] . (5.106)

Ideally, the local Radon representation of this signal would show two peaks
at the dips of the two cosine components, p; = 0.4 [s/m] and py = 0.5 [s/m].

The signal of Eq.(5.106) was discretized on a grid of 128 by 128 samples for
a length of 1[m] and 1[s]. The local wavenumber-frequency and slowness-
frequency representations of the pseudo-Wigner distribution were computed
using a sliding window of 64 by 64 samples. Figure 5.14a and 5.14b shows
the (k, f)-slice and (p, f)-slice through the representations at the space-time
origin, (z = 0,t = 0), respectively.

The Wigner-Radon representation is dominated by two negative-valued cross
terms between the positive and negative frequencies of the signal and a cross
term midway between the energy of the auto-terms on the upper half plane
of the spectrum. In the (p, f)-plane the auto terms and cross terms will
be located near the line that connects the two (p, f)-locations of the two
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5.6. The local slant-stack power spectrum

(a) real signal (b) analytic signal (c) analytic signal and smoothing
2 2 2
1 1 1
0 {(I\(\/\\. 0 0
-1 -1 -1
-1 -0.5 0 0.5 1 ~1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
p [s/m] p [s/m] p [s/m]
(d) (x,p)-slice pseudo WD (e) (x,p)-slice smoothed WD

plsml 2 -05 x [m] plsml 2 _os % [m]

Figure 5.15: Slowness slices for 7 = 0 of the signal of Fig. 5.16. (a)-(c) p-slices (i.e. S{u,u}(0,0;p,0)): pseudo Wigner
distribution of the real-valued signal, pseudo Wigner distribution of the analytic signal, and smoothed pseudo
Wigner distribution of the analytic signal. The space vs. slowness slices of the analytic signal through
t =0 (S{u,u}(z,0;p,0)) are shown in (d) and (e). Note that smoothing reduces spatial localization, but
suppresses cross terms.
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05 02 0 0.2

z [m]

Figure 5.16: A signal that is the sum of two 2-D cosines (Eq.(5.106)).

components. In Fig. 5.15 a slice for 7 = 0 through the (p, 7)-representation
is shown. The slice is obtained by summation over frequency of the slowness-
frequency representation of Fig. 5.14a. It is not possible to discern the two
separate dips of the signal components.

A first improvement can be made by not using the signal itself, but the
analytic signal (see section 2.2.3). The signal is now given by

u(z,t) = exp(j2n10t) cos(—2m4z) + exp(j2720t) cos(—2710z). (5.107)

The analytic signal has no negative temporal frequencies and as a result there
will be no cross term between the negative and positive temporal frequencies
in the local spectra. The local wavenumber-frequency power spectrum and
local slowness-frequency power spectrum of the analytic signal are shown in
Fig. 5.14b and Fig. 5.14c, respectively. A slice through the Wigner-Radon
representation at 7 = 0 is shown in Fig. 5.15b. Due to the cross term between
the two components, it is not possible to derive the actual dip content of the
signal from the Wigner-Radon representation.

The cross term between the two components can be suppressed by smoothing
the pseudo Wigner distribution. Figures 5.14c and 5.14d show the represen-
tations that result after a smoothing over 7 by 7 samples over z and ¢ has
been included in the computation of the local auto-correlation of the signal.
The cross term has now nearly vanished. In the Wigner-Radon representa-
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tion (Fig. 5.15c) we now observe two distinct peaks that correspond to the
dips of the two components.

The example shows that in many cases a small loss in localization through
smoothing results in a much improved resolution. In a smoothed pseudo
Wigner representation the degree of smoothing (z,t)-domain and (%, f)-
domain can be specified independently. This enables a flexible way for varying
the trade off between localization and resolution, depending on the applica-
tion.

5.6.5 Numerical examples

In this section the representation of a signal by a local slowness-frequency
power spectrum and the Wigner-Radon representations is illustrated with
three examples. First, we will analyze a signal with a changing dip.

Linearly increasing dip signal

A signal u(z,t) with a single temporal frequency and a linear increase of dip
as a function of the spatial coordinate, x, is given by

u(z,t) = exp(i2m f1(t + Laz?)), (5.108)

where a is the rate of dip change. The real part of a signal of this type is
shown in Figure 5.17. The temporal frequency, f; is 30 [s7!]. The rate of
dip change af; is —2 [s/m], which means that the dip changes linearly from
+1 [s/m] at the leftmost trace to —1 [s/m] in the far right. The signal was
discretized on a grid of 128 by 128 samples. The expression of the signal in
the various domains is easily derived. In the following the representation of
this signal in the various domain will be derived analytically and illustrated
with a numerical computation of the representation of the discretized signal.

The first step in the computation of the local slant stack power spectrum
is to correlate the signal over z and ¢ at the (z, t)-coordinate under analysis.
The local auto-correlation of the signal is given by

R{u,u}(z,t;£,7) = exp(j2n f17) exp(j2rafiéz). (5.109)

The local auto-correlation of the discrete signal was computed over a 64 by 64
Gaussian window. The real part of a slice through the local auto-correlation
in the point (x = —0.25,¢ = 0) is shown in Fig. 5.18a.
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z [m]

Figure 5.17: Real part of a signal with a linear change in dip as a function of the
spatial coordinate.

Figure 5.19: (z,t = 0;p,7 = 0)-slice through the pseudo Wigner-Radon represen-
tation of the linearly increasing dip signal.
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Figure 5.18: Pseudo Wigner-Radon representation of the linearly increasing dip

signal; (a) Real part of the local space-time auto-correlation, (b) local
wavenumber-frequency power spectrum, (c) local slowness-frequency
power spectrum and (d) pseudo Wigner-Radon representation.
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The Wigner distribution of this signal is found by a Fourier transformation
of R{u,u}(zx,t;&, 1) over the shift variables and is given by

WHu,ul(z,t;k, f) = 8(f — f1)(k + afiz) (5.110)

A slice through the pseudo Wigner distribution at the point (z = ~0.25,¢ =
0) is shown in Fig. 5.18b.

The mapping from (k, f)-domain to the (p, f)-domain results in the repre-
sentation

S{u,u}(z,t;p, f) = 8(f — f1)d(p + az). (5.111)

The (p, f)-representation of the discrete signal at (x = —0.25,¢ = 0) is shown
in Fig. 5.18¢. Finally, after an inverse Fourier transformation over frequency
the local slant-stack power spectrum is found as

g{u, ul(z, t;p, 7) = exp(i2n f17)0(p + azx). (5.112)

The real part of the pseudo Wigner-Radon representation at (z = ~0.25,¢ =
0) is shown in Fig. 5.18c. It is a cosine signal with a frequency fi = 30[s™'] at
p = 0.5[s/m]. If we consider a (z,t = 0,p,7 = 0)-slice through the Wigner-
Radon representation, the representation is given by

S{u, u}(z,0;p,0) = §(p + ax). (5.113)

For the discrete signal this is a linear amplitude ridge ranging from p = 1
[s/m] in z = —0.5 [m] to p = —1 [s/m] in z = 0.5 [m]. The (z,p)-slice is
shown in Fig. 5.19. The broadening of the ridge at the end points is an effect
of the sharp cut-off of the signal at the edges.

Annular shaped amplitude profile

The local wavenumber-frequency power spectrum of the annular amplitude
profile given by Eq.(5.51), was discussed in Section 5.5. The signal is shown
in Fig. 5.5a. The signal was discretized on 128 by 128 grid and the (k, f)-
spectrum was computed as a pseudo Wigner distribution of a sliding window
of data of 64 by 64 samples. Slices through the local wavenumber-frequency
power spectrum and Wigner-Radon representations of the signal at three
different space-time locations are shown in Fig. 5.20. The wavenumber-
frequency representations of the signal at the same locations were shown
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Figure 5.20: Pseudo Wigner-Radon representation of the annular shaped profile
(Eq.(5.51)); (a), (¢) and (e) are local slowness-frequency power spec-
tra; (b), (d) and (f) are Wigner-Radon representations.
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in Fig. 5.5. The (p,7)-slice at (z = —0.12,¢ = —0.12) shows a peak at
(p = —1,7 = 0) . This means that the prevailing dip is —1 [s/m] at this
point. For increasing time-shifts, there is also energy at other dips, indi-
cating the change of dip when moving away from the point. The (p,7)-
slice at (z = 0,¢ = 0.16) shows an energy concentration around p = 0.
Moving towards increasing time shift, the energy is localized at higher dip-
values, reflecting the curvature near the (z,¢)-location. The (f,p) and (p, 7)-
representations at (z = 0,¢ = 0) reflect the circular nature of the cross terms.




Chapter 6

Attribute Analysis of
three-dimensional Seismic Data

The introduction of dip and azimuth maps of time horizons has greatly im-
proved the structural interpretation of 3-D seismic data (Dalley et al. 1989;
Hoetz and Watters 1991). This technique was developed by Shell and is
based on a computation of dip and azimuth of a seismic time surface. The
input time surface is usually an automatically tracked seismic event. The dip
and azimuth maps have been particularly successful for the interpretation of
fault patterns in seismic data (see e.g. Jones and Knipe 1996).

In recent years, another novel interpretation technology was developed by
Amoco (Bahorich and Farmer 1995). This technique is based on a measure-
ment of the similarity of adjacent traces in a seismic section. It is usually
referred to as ‘coherence cube technology’. Originally, the coherence attribute
was based on similarity measurement between two adjacent traces. However,
the extension to volume measurements and the use of more advanced algo-
rithms resulted in much improved results (Gersztenkorn and Marfurt 1996).
The coherency technique has been very successfully applied for both struc-
tural and stratigraphic seismic interpretation (Bahorich and Farmer 1995;
Ortmann and Wood 1995). One of the major advantages of the technique is
that the analysis is carried out on a time volume and hence does not require

175
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the picking of horizons first. As a result, the method is less time consum-
ing and interpretational bias that may be introduced by the horizon picking
process is avoided. Volume analysis techniques for seismic interpretation
are also considered by Hoogenboom et al. (1996), de Jonge et al. (1996),
and Dalley et al. (1996), who apply three-dimensional image processing and
visualization techniques to seismic data.

In this chapter a combination of both the dip/azimuth and volume analysis
techniques is proposed. It is a combination of these two in the sense that we
generate dip and azimuth maps of a space-time volume of seismic data. The
analysis is an application of the theory that was introduced in the previous
chapter to the 3-D migrated seismic data volume.

In order to obtain the dip and azimuth at each subsurface sample point
(z,y,t), we compute a generalized Wigner-Radon representation at each
(z, y)-location for fixed time ¢. First, we will discuss the practical aspects of
the method. We will then show examples from two field data sets from the
Gulf of Mexico and the North Sea.

6.1 Local time-dip and azimuth in 3-D seismic data

The application discussed here is based on a double Radon transformation
in a three-dimensional local wavenumber-frequency spectrum. The 3-D lo-
cal wavenumber-frequency spectrum is obtained by a correlation in the 3-D
sliding-window Fourier transformation. The Fourier transformation is car-
ried out with respect to cross-line direction, from here on denoted as z, the
in-line direction y and the time variable ¢. The method is outlined in Section
5.5 for a two-dimensional geometry. The basic equation is Eq.(5.45). Figure
(5.4) is the flow chart that illustrates how the equation is implemented in a
numerical scheme.

The extension to three dimensions is straightforward. The 2-D Fourier trans-

formations are replaced by 3-D Fourier transformations, with the cross-line

direction as the extra dimension. The next step is to obtain the local

slowness-frequency representation. The equations involved here, are Eqgs.(5.75)
and (5.81), which give the local slowness-frequency spectrum in terms of the

Wigner distributions for respectively a real and analytic signal.

The interpolation in the wavenumber direction (see section 5.6.4) now be-
comes a two-dimensional interpolation in both the &, and k&, directions.
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X

(a) (b)

Figure 6.1: Geometry in the space-time domain and the slowness domain; (a)
(z,y,t)-domain, 0 is the dip angle and the angle in the (z,y)-plane
is the azimuth «; (b) (pz,py)-domain, |p| is the dip modulus and o is
the azimuth.

This two-dimensional interpolation is implemented as a sequence of two
one-dimensional interpolations. The implementation of the two-dimensional
global Radon transformation is discussed in Vercruijsse (1995). He concludes
that in most circumstances a sequence of two one-dimensional linear inter-
polations is sufficiently accurate. Moreover, in our application where the
interpolation is to be carried out for every (z,y,t) analysis point, the extra
computation time that is needed for higher order Lagrange or cubic spline
interpolation will hardly be justified by the relatively minor gain in accuracy.

Once we have obtained the local slowness-frequency spectrum, we sum over
frequency in order to obtain the generalized Wigner-Radon representation,
ie.

P{u,U}(x,y,t;px,py,0)=/f " P{u,u}(z,y, t; pz, py, f)df. (6.1)
€

There are two attributes extract from the two-dimensional local slowness
power spectrum. The first one is the mean slowness modulus [p|, which
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represents the time-dip of the signal, relative to the time slice. The dip
modulus is given by

bl = (0% +p2)'/* > 0. (6.2)

The second attribute is the azimuth angle «, which represents the mean angle
of the signal in the (z,y)-plane. The azimuth angle is given in terms of the
slownesses as

a = tan~! (’i> . (6.3)

Py

The geometry relations in the space-time domain and slowness domain are
graphically indicated in Fig. 6.1. In order to extract these attributes from the
generalized Wigner-Radon representation we first interpolate the spectrum
to a polar grid. The generalized Radon representation in polar coordinates
is given by

Plu,u}(z,y,4 |pl, @,0) = P{u,u}(z,y, ;p| cos(), |p| sin(e),0). (6.4)

The spectrum in polar coordinates is interpolated from the rectangularly sam-
pled generalized Wigner-Radon representation with a bilinear interpolation.
The bilinear interpolation is implemented as a sequence of two linear inter-
polations. The four rectangular sample points that surround a polar sample
point are first used to interpolate in the p, direction along the sides of the
rectangle, followed by interpolation in the p, direction. The mean time-dip
modulus is then obtained from the generalized Wigner-Radon representation
in polar coordinates as

Lk Ip|P{u, u}(z, y, % |p], @, 0) Jdodjp|

<p> ayy (6’5)
J™ & Plu,u}(e, v, t; |pl, @, 0)dad]p]
The mean azimuth is given by
f f aP{u ui(z,y, 6 |pl, @, O)dlplda v
(@)t 2 (6.6)

ST Plu,ul(z,y, 6 |pl, o, 0)dlplda

The analysis results in a local time-dip and local azimuth value in each sub-
surface sample point (z;,y;,t;). Hence, from the input data two attribute
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Figure 6.2: Cube display of seismic data and (bottom) time-dip attribute. The 3-D
attribute extraction results in a local time-dip measure in each subsur-
face sample point.
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data cubes are generated. An example is shown in Fig. 6.2. The discontinu-
ities in the data are delineated by the local time-dip attribute. High time-dip
values are shown in black colours. Faults are clearly visible because of their
nearly vertical dips. In the upper left corner a channel is visible. Regions
with incoherent events show up as dips changing rapidly over a large range
of dip values. The data set is discussed in more detail in the next section.

6.2 Gulf of Mexico, South Marsh Island

The South Marsh island area is located in the Gulf of Mexico on the continen-
tal shelf, west and adjacent to the present day Mississippi delta. The South
Marsh Island data set we discuss here is a part of a larger speculative survey
of the area. The data set has also been used for the geological validation of
the coherency attribute and some aspects of the interpretation are discussed
in Haskell et al. (1995) and Nissen et al. (1995).

The in-line and cross-line trace distances are 25 [m] and 50 [m], respectively.
The time sample interval is 8 [msec]. The data were down-sampled from an
original post-stack 2-D by 2-D time migrated volume with trace distances of
12.5 [m] by 25 [m] and 4 [msec] sample interval.

In Figs. 6.4 to 6.6, three time slices from the data cube are shown together
with their corresponding time-dip attribute display. An in-line section and
its corresponding time-dip image is shown in Fig. 6.7. The time-dip and
azimuth of the data were computed with the algorithm described in the
previous section. The analysis cube used has an area of 4 by 4 traces and
height of 4 samples, corresponding to 200 [m] by 100 [m] by 32 [msec]. The
correlation in the 3-D sliding window Fourier transformation was performed
over a volume of 3x3x3 frequency bins, followed by interpolation to a local
slowness-frequency spectrum of 16x16 p values.

The main features of the first slice (Fig. 6.4) are a salt dome and two large
channels. The width of the channels is approximately 250 [m]. The present
Mississippi River trunk channel varies in width between 1 to 1.3 [km], whereas
the smaller distributary channels have a width of the order we observe here
(Haskell et al. 1995). In the lower part of the slice some smaller channels
are visible between 10 and 15 [km] in-line distance. The lateral migration of
the channels we observe in subsequent time slices is relatively small. This
corresponds to observations in the modern delta, where most of the channels
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cross-line position [km]
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Figure 6.3: In-line profile at x = 5 [km] cross-line position, showing the position of
the channels and faults observed in the time-dip slice of Fig. 6.5, in a
vertical cross-section.

are entrenched into the underlying marine clays, preventing their lateral mi-
gration (Haskell et al. 1995). The salt dome is surrounded by radial faults
extending in all directions away from the salt, perpendicular to the strike. An
in-line cross-section, A — A’ on the time slice of Fig. 6.4, shows the position
of the channels and faults in a cross-section (Fig. 6.3). The lineations in the
upper-left corner of the time slices have their origin in what is referred to as
the ‘acquisition footprint’ (Marfurt et al. 1995). This recurring pattern in
the reflection strengths is the result of systematic errors introduced by the ac-
quisition geometry or 3-D dip move-out and migration operator biases. The
influence of coherent seismic noise on horizon-based dip and azimuth maps
is discussed by Hesthammer and Fossen (1997). They observe that in areas
with a low signal to noise ratio coherent seismic noise results in features in
the horizon dip map that are not related to subsurface structure. Especially
in areas with steep dips, these features may strongly resemble fault structure.

The main feature of Fig. 6.5 is a region of strong variable dips. This re-
gion coincides with the region of chaotic seismic character in the vertical
cross-section of Fig. 6.7. The feature has been interpreted as the head of a
submarine canyon, produced by mass wasting (Nissen et al. 1995).

In the time slices below the submarine canyon in-fill, once again a channel-
system depositional setting is observed (Fig. 6.6). In the center of the egg-
shaped region a channel, that is also clearly visible on the time slice, can
be seen. The curved high-dip features surrounding the low with the channel
are interpreted as growth faults. In the vertical cross-section (Fig. 6.7) of the
time-dip the sub-vertical faults stand out from the rest of the section because
they are associated with a steeply dipping discontinuity of the signal.
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Figure 6.4: (top) Standard time slice at t = 0.644 [s] and (bottom) corresponding
time-dip slice
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Figure 6.5: (top) Standard time slice at t = 0.980 [s] and (bottom) corresponding
time-dip slice.
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Figure 6.6: (top) Standard time slice at t = 1.340 [s] and (bottom) corresponding
time-dip slice.
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Figure 6.7: In-line cross-section and time-dip cross-section ; in-line 10, z = 450 [m].

18

sub-marine canyon in-fill

20

22




186 6. ATTRIBUTE ANALYSIS OF THREE-DIMENSIONAL SEISMIC DATA

6.3 North Sea data set, Ameland M9 block

The Ameland survey is located in the Dutch sector of the North Sea, north
of the island Ameland (block M9).

The in-line and cross-line distances in the seismic data cube are 12.5 [m] and
25 [m], respectively. The time sample interval in the original data set is 4
[msec]. Before attribute extraction, the sampling interval was reduced to 8
[msec| in combination with of a zero phase frequency filter to prevent tem-
poral frequency aliasing. A standard 3-D seismic data-processing sequence
has been applied on the data, followed by 2-D by 2-D finite difference time
migration.

The analysis cube used has an area of 4 by 4 traces and a height of 4 samples,
corresponding to 100 [m] by 50 [m] by 32 [msec]. The correlation in the 3-
D sliding window Fourier transformation was performed over a volume of
3x3x3 frequency bins, followed by interpolation to a local slowness-frequency
spectrum of 16x16 p values.

Figures 6.8-6.13 show time slices and time-dip slices through the seismic and
attribute data cube. Two in-lines and their corresponding time-dip cross-
sections are shown in Figs. 6.15 and 6.16. The first time slice at t=0.54
[s] cuts through the upper part of the North Sea Formation (Fig. 6.8). In
the time-dip slice we observe a deltaic depositional setting. In the in-line
cross-sections of Fig. 6.16, we can also observe the location of this feature in
the time-dip cross-section. The depositional environment here differs from
the channel system we observed in the previous data example from the Gulf
of Mexico. In a sequence of time-dip slices (Fig. 6.9), we observe strong
variations in the position of channel segments and an overall more chaotic
character of the signal. These two observations suggest a depositional setting
in which sediments are transported with relatively high energy and in which
the acoustic contrasts between channels and their surroundings is relatively
small and discontinuous.

Below 0.6 [s], structural elements dominate the time-dip slices. Since we have
much more the structural dip in the lower part of the section, the time slices
cut through many horizons and consequently stratigraphic elements, that are
usually associated with a single time horizon, are less likely to be observed.

Figures 6.10 and 6.11 show a time slice from near the top of the Chalk
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formation. Fault locations and patterns can easily be observed in the time-
dip slices. Certain aspects of the reflection character of are intensified by
the time-dip display. Differences in continuity of the events, that are also
observed in the cross-sections are brought forward in the time-dip map.

The last slice at 1.64 [s] (Figs. 6.12 and 6.13) cuts through Triassic and
Zechstein formations. The discontinuity of the seismic events in the lower
right corner of the time slice can be very well observed in the time-dip map.
These seismic events are associated with an anhydrite layer, below the top of
the Zechstein Formation. The positions of lows and highs and the associated
faults surrounding them are well delineated in the time-dip map. In Fig. 6.14
the local azimuth of the time slice of Fig. 6.12 is displayed. The azimuth is
usually best displayed in a colour map, with a different set of colours for each
quadrant of the (z,y)-plane (see e.g. Brown 1997). Since we do not have the
possibility to display colours here, we show an illuminated map of the local
azimuth. The illumination is chosen as if a light source is located at (z =
0,y = 0), that radiates light in a direction of 45 degrees. The illuminated
map shows abrupt changes in the azimuth that can be with associated signal
discontinuities, revealing the general structure and the location of faults

The results of the last two time slices show that the time-dip display has
the potential to become an effective analysis tool for structural mapping of
the subsurface. The creation of fault maps from 3-D seismic data is in most
cases a very time consuming process. Generally, it takes the inspection of
many cross-sections and time slices before a three-dimensional image of the
locations and extent of faults is obtained. The location of faults and their
configuration can more easily be recognized in a time-dip slice than on cross-
sections or standard seismic time slices. Interpretation of a few time-dip slices
may be sufficient for a quick overview of the structural setting of an area in
an early stage of an interpretation project. Consequently, an earlier start can
be made with the main tasks in an interpretation project: the identification
and interpretation of potential hydro-carbon reservoirs.
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Figure 6.8: Standard seismic time slice at t = 0.424 [s] and time-dip slice.
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Figure 6.9: Time-dip slices at (upper left to lower right) t = 0.480]s], t = 0.494 [s],
t = 0.502 [s] and t = 0.510 [s].
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Figure 6.10: Standard seismic time slice at t = 1.0 [s].
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Figure 6.11: Time-dip slice at t = 1.0 [s].
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Figure 6.12: Standard seismic time slice at t = 1.64 [s].
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Figure 6.13: Time-dip slice at t = 1.64 [s].
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Figure 6.14: Illuminated map display of the local azimuth slice at t = 1.64 [s].
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Figure 6.15: (top) In-line 1 at x = 0 [m] and corresponding time-dip cross-section.
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6.4 Discussion and recommendations

In this chapter a method has been proposed for the extraction of the local
time-dip and azimuth from a volume of 3-D seismic data. Particularly, the
time-dip map effectively reveals the discontinuities that are present in the
data. These signal discontinuities can in most cases be related to disconti-
nuities in the subsurface that have a geological significance, such as faults,
channels and stratigraphic boundaries.

The attribute extraction was performed on a seismic volume, rather than on
stratigraphic surfaces. In the South Marsh Island data example it was shown
that in case stratigraphic surfaces and time slices run nearly parallel (i.e.
there is little structural dip), stratigraphic features are effectively brought
forward in the time-dip display. In case structural dip prevails, for instance
in the deeper part of the Ameland data set, time slices cut through many
stratigraphic horizons and little stratigraphic information can be extracted
from the time-dip slice. To further asses the performance of the method
for stratigraphic interpretation, an implementation in which the attributes
are extracted in a volume along interpreted horizons is recommended. This
extension can be readily made by loading the time-dip data cube onto an
interpretation workstation and extract the time-dip value along an inter-
preted time horizon. This will also enable a better comparison with existing
methods, such as horizon based amplitude and dip/azimuth extraction.

The time-dip attribute cube is potentially very useful as an aid in fault in-
terpretation. For instance, the property of the time-dip attribute that it sets
the faults apart from the rest of the data volume has a possible application in
automated fault recognition and tracking. In such an application, the time-
dip data volume could be used to guide the fault tracker through the data
volume. The potential result is a 3-D image of the fault plane.

Some aspects of the method proposed in this chapter are illustrated in Fig. 6.17.
In Fig. 6.17a we show the result that is obtained with the method that was
used to generate the field data examples (see Section 6.1). The analysis
was performed on a sliding 4x4x4 space-time cube of data and a correlation
over 3x3x3 frequency bins was carried out in the 3-D sliding-window Fourier
transformation. Figure 6.17b shows the result of a two-dimensional analy-
sis. In the two-dimensional implementation, the three-dimensional time-dip
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is obtained by adding the two time-dip values that are extracted from a two-
dimensional sliding-window analysis in the cross-line and in-line directions.
Comparing the outcome of the two-dimensional analysis with Fig. 6.17a we
observe the dramatic improvement that results from a three-dimensional im-
plementation.

The result that is obtained by extraction of the time-dip attribute from a
three-dimensional sliding-window slant-stack power spectrum is shown in
Fig. 6.17c. The three-dimensional sliding-window slant-stack power spec-
trum is obtained by interpolating a three-dimensional spectrogram to a lo-
cal slowness-frequency representation. The only difference with the gener-
alized Wigner-Radon representation is that no correlation is carried out in
the sliding-window Fourier transform of the analysis cube. The result il-
lustrates how the correlation in the wavenumber-frequency spectrum can be
used to guide the resolution in the space-time and wavenumber-frequency
domains. The correlation accomplishes a sharper localization of the energy
in the space-time domain, which in turn results in better resolution in the
time-dip map.

Finally, in Fig. 6.17d we show the time-dip map that has been extracted from
a generalized Wigner-Radon representation of an analysis cube with a size of
8 by 8 traces by 8 time samples. We observe that with extending the size of
the analysis cube, the resolution of the attribute map significantly decreases.

The analysis with a 4x4x4 sliding cube along a single time slice of 800 by 300
traces requires 30 minutes of CPU time on a SUN Sparc 10/40. However,
in the present implementation there is still room for a large improvement of
the computational efficiency. The algorithm lends itself very well for paral-
lelization, which will be straightforward to implement. Moreover, the use of
more efficient data I/O and interpolation routines is also expected to reduce
the required CPU time considerably. With these improvements, it may well
be possible to come to a more or less real-time implementation.
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Figure 6.17: (a) time-dip slice obtained from a 3-D generalized Wigner-Radon rep-
resentation, (b) time-dip slice obtained by a 2-D by 2-D analysis, (c)
time-dip slice obtained from a 3-D sliding-window Fourier transfor-
mation, (d) time-dip slice obtained with an 8z8z8 analysis cube.
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Appendix A

Some useful properties of the
Fourier transformation

In general u(t) is a complex function of the real variable ¢. Its Fourier trans-
form pair is defined as

a(f) = F; {u®)} () = /tem exp(—j2r ft)u(t)dt, (A1)

where the subscript ¢ in F; denotes the transformation variable and the sign
denotes the sign in the exponential function, and

u(t) = Ff {a(f)} (t) = / exp(j2r f1)a(f)ds. (A2)

felR

The hat above a function, as in 4(f), denotes that it is in its frequency
domain representation.

In case the transform variable pair can unambiguously be derived from the
variables ¢ and f that are used to denote functions u(t) and 4(f), we will
write F; {u(t)} to denote the Fourier transformation and drop the functional
dependence in the transformed domain.

The following properties are of importance in this thesis.

201
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Convolution in the time domain
el [ o= nar} =i, (A3)
T7€IR
where 0(f) = F; {v(t)}.
Convolution in the frequency domain
u(t)o(t) = F { / aw)o(f — u)du} . (A4)
velR
Cross-correlation in the time domain
Fi {/ u*(r)v(t + T)dT} = 4*(f)o(f). (A.5)
T€IR
Cross-correlation in frequency domain
u*(t)v(t) = f}" {/ W (w)o(f + V)dl/} : (A.6)
vEIR
Auto-correlation in the time domain
Fe {/ " w*(T)u(t + T)dT} = a*(fa(f) = [a(f)I%, (A7)
TC

where |4(f)|? is known as the spectral energy density function or power spec-
trum. The fact that the auto-correlation function and the spectral density
function are a Fourier transform pair is in random signal theory known as
the Wiener-Khinchin theorem.

Applying the inverse operator .7:; to the left-hand side of Eq.(A.5) and the
operator F; to the right-hand side of Eq.(A.6), and taking ¢ = 0, leads to

/ w*(rYu(r)dr = / & (£)o(f)df. (A-8)
T€IR fEIR
and
] fu(t)2dr = / ()P, (A.9)
T€IR feR

Equations (A.8) and (A.9) are known as Parseval’s theorems.
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Shift in the time domain
Fy {ult — 1)} = exp(=j2n fr)a(f).
Shift in the frequency domain
exp(j2nvt)u(t) = .7-7’ {a(f —v)}.
Differentiation in the time domain
F {0wu(t)} = g2 fa(f)-
Differentiation in the frequency domain
—j2mtu(t) = Ff {0u(f)}

Some additional properties

Fr{w (@)} = a* (=)

Fr {u(=t)} = a(=1).

(A.10)

(A.11)

(A.12)

(A.13)

(A.14a)

(A.14b)

(A.14c)
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Appendix B

The Wigner distribution of
real-valued and analytic signals

In this appendix the Wigner distribution of a real-valued or analytic signal
is discussed. The aim of the discussion is to accommodate the use of a non-
negative frequency parameter f in the transform relations of the Wigner
distribution, instantaneous auto-correlation, local spectral auto-correlation
and ambiguity function. The non-negativity of the frequency is required in
the definition of the Wigner-Radon representation. We use the following
notation for the Fourier transform operator:

FEig(a)} = / exp(%j2mab)g(a)da. (B.1)
aclR
The Wigner distribution and its transform equivalents are introduced, start-
ing from
R{u,u}(t;7) = u(t + s7)u*(t — 37), (B.2)
we have

W{u, ul(t; ) = Fr {B{w, u}(t;7)},

Riuu}(ts7) = F (W {u,u}(t )} B3
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and in the same way

A{w,ub(vi ) = Fy {B{u, u}(t; 1)},

Rfwu}t57) = 7 {A{wu}(57)} (B4
One the other hand, when we start from

R{&;a}(v, ) = a(f + Jv)a(f — 3v), (B.5)
we arrive at

W{u,u}(t; f) = F {R{%,a}(v; )}, B

R{a,a}(v; f) = Fi (W {u,ul(t; 1)}

and

A{u,u}(vi7) = FF{R{8, 4} (v; )}, B.7)

Ria,a}(v; f) = Fr {A{u,u}(v;7)}.

In all practical cases we consider either that u(t) is real-valued or its as-
sociated complex-valued analytic signal. In both cases we can restrict the
analysis to positive frequency f. The domain occupied by positive frequen-
cies is introduced as

R*={f e R;f >0}, (B.8)

then the characteristic function ) j+(f) of this domain is given by

X1R+(f)={0,%,1} when {f >0,f=0,f <0}. (B.9)

Since for real u(t), R{u,u}(t;7) is also real-valued, we can write

Wu,ub(t; f) = Fr {R{u,u}(;7)}, f € R,

R{u,u}(t;7) = 2ReF} {xp+ ()W {w,u}(t; )}, (B.10)

where Re stands for the Real part of . Equation (B.6) is left unchanged and
we can write
Wi, u}(t; f) = FF {R{8,a}(v; )}, f € RT,

R{a,a}(v; f) = Fy {(W{u,u}(t; f)}, fe R'. (B.11)
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The analytic function associated with u(t) is most conveniently introduced
in frequency domain as

a*(f) = 2xre+ (F)a(f)- (B.12)
Then it follows that

R{a*, 0%} (v; f) = dx g+ (F + 30)xm+ (f — 3V R{G, 0} (05 f)  (B.13)
Careful analysis reveals that Eq.(B.11) can also be written as

R{a*,4°}(v; f) = dxe (NIW/4|f ) R{D, 4} (v; f) (B.14)

where the rectangular (box-car) function II is introduced as
1
/4l = {1,5.0} when {1 <211 =20l > 21} (B39
From Eq.(B.13) it follows that, since

R{a%, 4} (v; f) =0, for f <O, (B.16)

we can restrict the analysis to positive frequencies only. In particular, starting
from Eq.(B.13), we can write

W{u®, u}(t; f) = Fput {R{0% 4} (v; f)}, f € RT

B.17
R{a®, @} (v; f) = FF {W{u®,u} (¢, /) 1)}, | € R, (10
and we also have,
u uH it f) = Fo u utHty T +
W u'}(t; f) = Fr {R{u",v*}t;7)}, f € IRT, (B.18)

R{u®,u}(t;7) = Ff (W{u®,u'}(t: f)}, f € RT.
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Samenvatting

Lokale Energiespectra en Seismische Interpretatie

In dit proefschrift wordt de analyse van seismische reflectie data door mid-
del van een lokaal spectrum beschreven. De seismische reflectie methode is
tot op heden de meest succesvolle techniek voor het in beeld brengen van
de ondergrond in het dieptebereik van enige tientallen meters tot een tiental
kilometers. Drie-dimensionale seismische beeldvorming van de ondergrond
speelt een belangrijke rol bij het zoeken naar en in ontwikkeling brengen van
olie- en gasvoorkomens. De veelal zeer grote seismische databestanden vra-
gen om speciale technieken voor dataverwerking, visualisatie en interpretatie.
Analyse van de data door middel van een lokaal spectrum kan daarbij een
bijzonder nuttig hulpmiddel zijn.

In het één-dimensionale geval kunnen seismische data beschouwd worden als
een niet-stationaire tijdreeks. Het lokale spectrum van een niet-stationair
signaal is een functie die afhankelijk is van zowel de tijd- als de frequentie-
variabele. In Hoofdstuk 2 en 3 van dit proefschrift wordt ingegaan op
ontwikkelingen in de theorie van de signaalverwerking, waar aanzienlijke
vooruitgang is geboekt op het terrein van de lokale (tijd-variante) frequentie
analyse. Met name de definitie van een algemene klasse van tijd-frequentie
representaties heeft geleid tot een solide basis voor tijd-frequentie analyse.
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Een belangrijke tijd-frequentie representatie is de Wigner distributie, die als
representatief voor de gegeneraliseerde klasse van tijd-frequentie represen-
taties (Cohen’s klasse) beschouwd kan worden.

De meest gangbare methode om andere tijd-frequentie representaties dan de
Wigner distributie te verkrijgen is door convolutie van de Wigner distributie
met een tijd-frequentie filterfunctie. Door het opleggen van bepaalde voor-
waarden aan deze filterfunctie worden de eigenschappen van de bij het filter
behorende tijd-frequentie representatie bepaald. In Hoofdstuk 3 wordt eerst
in algemene zin op een aantal van deze voorwaarden en eigenschappen in-
gegaan. Vervolgens worden enige uit de literatuur bekende tijd-frequentie
representaties besproken.

De toepassing van de één-dimensionale lokale frequentie analyse op seismische
reflectie data wordt behandeld in Hoofdstuk 4. De tijd-frequentie represen-
tatie resulteert in een uitermate effectieve weergave van het signaal voor de
beschrijving van seismische beelden aan de hand van karakteristieke patro-
nen; de zogenaamde de seismische facies analyse. Een reflectiepatroon is
vaak eenvoudiger te interpreteren wanneer het signaal in zijn tijd-frequentie
representatie wordt weergegeven dan in het oorspronkelijke beeld. Een an-
dere toepassing van de tijd-frequentie analyse is de kwantitatieve beschrij-
ving van golfvormen aan de hand van de eigenschappen van hun lokale spec-
trum. De golfvorm-analyse of ”seismische attributen” analyse vormt een
belangrijke schakel in het vertaalproces van seismische data naar gesteente-
eigenschappen. De in dit proefschrift voorgestelde wijze van extractie van
signaaleigenschappen via het lokale spectrum is een aanzienlijke verbetering
ten opzichte van bestaande technieken, zoals de zogenaamde complex-trace
analyse.

De voor de seismische interpretatie belangrijke uitbreiding naar meer-
dimensionale analyse-technieken wordt behandeld in Hoofdstuk 5. Bij de seis-
mische interpretatie speelt de hoekafhankelijkheid van het meer-dimensionale
signaal een belangrijke rol, omdat de richting van seismische reflecties gerela-
teerd kan worden aan de structurele opbouw van de ondergrond. De globale
Radon transformatie of "slant stack” leidt tot een hoekafhankelijke repre-
sentatie van het signaal. Een gelijksoortige lokale signaalrepresentatie zou
daarom een zeer geschikt hulpmiddel kunnen zijn bij de interpretatie van
seismische data. In dit proefschrift wordt een lokale Radon representatie,




de "Wigner-Radon representatie”, gedefinieerd en verder uitgewerkt. Deze
lokale Radon representatie maakt deel uit van de algemene klasse van lokale
spectra.

Het proefschrift wordt afgesloten met een drie-dimensionale analyse van een
tweetal veld-data sets, afkomstig uit de Golf van Mexico en de Noordzee.
De resultaten laten zien dat met de in dit proefschrift beschreven methode
voor seismische data analyse het inzicht in de geologische opbouw van de
ondergrond aanzienlijk kan worden vergroot.
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